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cLJJ cUiW 

Chapter One 


Complex Numbers Li" aU^Vi 


. ' m «L£ l d*>\A" l 

iLc. j-oj>»-o oLJUjJI 

.^1 i-bJI jilj-o 

.C ^ iJiUll J^- 

.C^JU ijjjj Aajte! Jail I aJcw^ 

♦ v ♦♦ ♦ ♦♦ 


4 > uoLjJI 4_9M_S_II ^1 j_Oj_JI 

7T 1 U .^, 1 1 

R(z) = x = r cos 0 

R (z):z sv»H w a.a-l.i r j.Li 

I (z) = y = r sin 0 

I (z): z u i , fjJ-i 

arg (z) = 9 

Z JJ^sJf 4-3Z-JOJ 

r = ||z|| = mod z 

Z >i > jjjLJLo 

LHS 


RHS 

j-cXI 

w 

a, K II jLiVl 

N 

■* • < ■ m ]i jIj^c.xi 

Z 


Q 

P 

2 l ;J| .1, ^ VI 

ft n 

KM C 



r\ 


tJ 
[ 1 - 1 ] 

[ 1 - 2 ] 

[ 1 - 3 ] 

[ 1 - 4 ] 

[ 1 - 5 ] 

[ 1 - 6 ] 

[ 1 - 7 ] 

[ 1 - 8 ] 




r 


.LjU±.\ JU>Ltl [1-1] 

v J 

Jj^ J^rjj <u! Li^Pj t (Linear Equation) iJa-M ibUil iijUJ! 3 y^aJl ^ 

. iJt?- iblAa 4j*^ iJLJLM if- j^ta ^ JL^-lj 
y-T £jjj <• i-JLl^-l iliXP^I it ^ J^- l^jws jy*-» £jpJ *0' gj-i i-*-H itaUaJJ UlUjP .x^pj 

CuJUj US“j ( x 2 + 4x+ 5 =0 ) t ( x 2 + 1 = 0 ) ; o^pIaII Jjw <• ip a Us L*J 
il*ip*^l ipj^ta ^ Jjj- LgJ Jjsrjj UU bJLP (b 2 - 4aC) la^jf 0^ ^1 Uau^pJI o*iiUII 01 

. iJLJLM 

*y ~* jj i?-LM ^Jl 4 jjIj j~oil L " J ' 4 „ Jaiil ^jAa!I o^pIaII ajj& J»ia jj^J? 01 

£j05 JJ) J j~a i-S” jll ip j^JJta l^Pa £-ajl ip J-o-JJt- 4 i-JLii^-l ip J^xj> 

. J-pOJI iJla ^3 UiUjP 

(-1) l£jUu **->. y> UaJb- b**P (X 2 =-l) j' (X 2 +1=0) itaUi! Jjj- Jjy Uj-lp lot 
ULSaOI oJ^~ jJl (i) j]\j <d jja jjj ^iLJ Ly ^p jjsj -\/-T t£jUo ^•^p ^iaj oJJiJ 

. j^LiJl jt jaJI ^ o^aj j^aJi sIop^i jaj (Imaginary Unit) 

oU*?- - < I j^Jj c C—0 ^pJI i~^U I.XP L« i-A-A^-l il ij j-^-\ { jfl \ jjM JjibxJ ( i ) P>X*Jl 0) 

: i-j^l ilia V I ^ US' (i) ji 


1 2 = -1 

1 3 = i 2 . i = (-l).i = -i 

1 4 = i 2 . i 2 = (-1) (-1) =1 

i 27 = i 26 .i = (i 2 ) 13 .i = (-1 ) 13 .i = -i 
i 81 = i 80 .i= ( i 2 ) 40 .i = (-1 > 40 .i = l.i = i 
i 7 = ( i) 8 .i = ( i 2 ) 4 .i = (-1) 4 . i = i 
i 15 = i 16 .i = (i 2 ) 8 -i = (-l) 8 .i = i 




dj£j <LA £■ Ojj^ojj 


i 4n r = i r , n e w , r=0, 1, 2, 3 c- 
whole Numbers w={0,l,2,. . . } c 


{- i, i > -1 


i»l*J 


(!)& 


Jcs- 4J1 




IJu < 



. 1 ^Ulj 6 4 ^Js- 25 iu_~i i 25 = i : 

3 ^U! j 24 ^ jl^o 4 99 2U_J £L oSl i" = i 3 = -i 


( a ) 


: 16 


( b> i 58 (C> i 12n+93 



-1 -JU, 


( d)i 


13 




(a> i 16 = i 4<4) + 0 = i° = 1 
( b> i 58 = i 4<14) + 2 = i 2 = -1 

(C ) il2n + 93 =(i 4 )3 „ i 93 = (1) 3n i 4 ( 23 )+1=(1)(i)=i 

1 i 16 


(, - ■ • - -- — ■ ■ - - - - - - - 

i Jj c_JLu jjc. <_ia_ujaII jj I I ' ^ ' 

v- " " — 



V-i6=Vl6 . V Z I = 4i 
•J^E = s[25 . ^ = 5i 

\f-l 2 = VI 2 . V 1 ! = 2V3 ‘ 






jjJsj Ojj . (! i j 


V-a = Va . V-T = Va i , V a>0 

i ^ 

b c L? £ T! i^- sxs* a c~^- (a+bi) i*uJi Lr «_~J bl» ^ bi^o o! bu o^Ij 

V i = V~1 



DsfinlHtlloii 


i = ^/Zi OL-M^ jbJL-c- a,b c— c = a+bi aa mJJ Jl b 

jLixJi ajjjsr b j ( Real Part >^M^' tjyr a ^o-^j c ( Complex Number ) 
a+bi 4 *~aJU JUj j ([] j^Jti IS ji\ al js^\ i* ^J! yy j . ( Imaginary Part > 

. yS jll i»bUJ bjJ{-\ j\ <LpUJl Sitj.itfH 


I Lia yLy c = a + bi cs* u* 

(a,b) 


01 j . ( a,0 ) jt a+Oi JiLiJl) ^bS" j£c a bJi-l a *uJli j-XaJbj 1 0Li~i^- obJip b,a oi il 

. i= 0+ li jl i<=^ (0,1 ):0lc-^ ( Imaginary Unit) i 
ijjJlj (pure Imaginary Number ) c^<j (0 , b) <=^ bi ijjJU JlL 

. (Pure Real Number) c^h «ui (a , 0) <=> a=a+0i 

3 aj y-j —2 yLJL^-\ aj y 1 yS y sjs- —2 + 3i 

0 ej yj —2 aj y <. yS y s- —2 

—3 aj yj 0 jgi— i^-l ijy <. yS y SJS- — 3i Ul 



: a+ bi c-iS'l 


2-Jlio 


a)-5 bV-100 c)-!-^ d) 1+ ^^ 


= J^» 


a) - 5 = -5 + 0 i 

b) V-100 = VIOO = 10 i = 0 + 10 i 

c) -1 -V C 3= -1-V3 i 

1+^25_J_ a/25 » _ 1 5. 

4 ~ 4 + 4 _ 4 4 


iJLt ojj^f j-U <ujIsS' jXc (a ,0) /\ a+ Oi JiLiJl* asjLS" j£s a ns- Ji” ot Lc 

: 01 jjruj I jjfe Oli jjL^P 


4r j a-^ a ^j_a <Luj^ <Lc. j) ny a R ^jlSulL^JI jljc^l dr j a-^ a 

.RC(C (C 


DefinlHtll@ini 


c ,-a,+V > c 2- a 2 + b 2* : 

c 1 -c 2 ^a 1 - a 2 , bj -b 2 :bli 



^fl i J i I Ludb l£q! i" *0 ^ I .* .•* 4 1 LaQI? \S j ^ "' 1 1^1 ^ 1 m . ? ^^1 

rC*JL ^ 







• OlaJi£ y , X J» >U>» -L?" 

a> 2x -1 +2i = l+(y+l)i . 
b) 3x+4i = 2+8yi 
C) (2y+l) - (2x-l)i = -8+ 3i 


a> V 2x-l +2i = l+(y+l )i 
. . 2x -l = l =^> 2x = 2 

=> x=l 

2 = y+1 =^> y = 2-1 

y=l 


b) 3x+4i = 2 + 8yi 


3x = 2 , 4 = 8y 


x= 



y= 


4 1 

8 2 


c > 


(2y+l ) - (2x-l )i = -8 + 3i 
2y+l = -8 , -(2x-l ) = 3 
2y = -9 



-3-Jli. 


, -2x = 2 =4 
, x = — 1 





r 


V 


A 

.<LSjl\ ilj-tVI oLJUjJI [1— 2] 

_J * I ) 


«LC- cftlc- 



0 Li c l} c 2 e(C c 2 = a 2 + b 2 i,c 1 = a 1 + b 1 i J sg 

C 1 + C 2 = ( a i + a 2 > + (^1 + ^2 > 1 

iliJUw LiJLM i|j^*il Is- yt^u> 0*^ ( a : + a 2 ) G R‘(t>,+t> 2 )e R : 01 L tS j 

. ^4-M <tJU£ w-S“ 

■'■ <a, + a 2 ) + (b 1 + b 2 )i G (C 

. C~£ I&JUw 4^ ^il il jlpVI 01 l$I 


-4 -JUl. 


,— r- : iVW ^ J*S" (V 0 £ J-*-^ ^ 

a) 3+4^2i, 5-2V2i - ^ - c 

b) 3, 2 — 5 i 

c) l — i, 3i 




a) (3+4V2i)+(5-2V2i) = (3+5)+(4V2-2V2)i 

= 8 + 2V2i 

b) (3)+(2— 5i) = (3+0i)+(2— 5i) 

= (3+2)+(0 — 5)1 = 5 — 5 i 

c) (l-i)+3i=(l-i)+(0+3i) 

= (l+0)+(-l+3)i =i+ 2 i 







4l JL&VI «UU£ J*\p* 

: iLftH j>\ ji-l) IS jll ilJlc-^l ^Js- £*J-\ aJU-c- 

v c,, c 2 , c 3 e c 

:Oli 

c + c = c + c i (Commutativity) . * 

C 1+ (C 2 +c 3 ) = (C 1 + C 2 ) +C 3 (Associativity) . * 

( 3 ) ( Additive Inverse ) . ^JaJi * 

Vcg (C, c = a + bi3zG([]: c + z = z + c = 0 => z = -c = -a - bi 
e = 0 = 0 + OiG (E Syu j e d yy Additive Identity . juL£I yzSi\* 

( Commutative Group ) aJIjuI oyj (([]»+) ol u 


JJjtJI lA2k J_^sL^ / C qLujJ >^k] ,'yA Si >0 JJC. /£ I f" Ja /*) I 

^11 +i <g> 


( 7-13i) - ( 9+4i) 


( 7— 13i> - ( 9+4i> 
= ( 7-13i) + ( -9 -4i) 
= ( 7-9) + (-13 - 4)i 
= -2 - 17i 



-5 -JH« 1 

1 


1 







6 -JU> 


: SJilall 


(2-4i) +x=-5+i 


x £ (C c 



(2-4i) +x= -5+i 

(2-4i )+ ( — 2+4i) +x — ( — 5+i) + ( — 2+4i ) jOjial! (2— 4i) j-k •" :a\ . 

•’• x= (-5+i) + (-2+4i) 

= ( -5-2)+ ( l+4)i 
x = -7+5i 




:^L US' (-1) 


0 Li c - a + b i 


c=a, +b,i d\S lii 


c r c 2- ( a i + b,i) ( a 2 + b 2 i) 

- a,a 2 + + a, b 2 i + a 2 b,i + b, b 2 i 


" a , a 2 + a 1 b 2 i + a 2 b 1 i-b 1 b 2 
- ( a i a 2 ~bjb 2 <a, b 2 + a 2 b,,i 


c = a + b i 
mc=ma + mbi 



m g R 







b) (3+4i) 2 

c) i(l+i) 

d) -— (4+3i) 

2 

e) (l+i) 2 +(l-i) 2 


: 


a)(2 — 3i)(3 — 5i) = (6 — 15)+ (— 10 — 9)i 


= — 9 — 19i 



( 2-3i)(3-5i)=6-10i-9i+15i 2 = -9-19i 

b)(3+4i) 2 =9+24i+16i 2 
= 9+24i-16 
=-7 + 24i 


(3+4i) 2 = (3+4i)(3+4i) = (9- 16) + (12+12) i = -7 +24i 9 I 

c)i(l+i) = i+i 2 =-l+i 







d) --(4+3i)=-10-— i 

2 2 

e) (l+i) 2 +(l-i) 2 =(1+2 i+i 2 )+(l-2i+i 2 ) 


= 2i+(-2i)=0 

: LJ*^I jf 1 ji-l) IS jll il*u-^l { Js- Oj-i Jl aJU-c- 

V Cj, C 2 , C 3 G (C 

CjXC 2 = c 2 x c : (Commutativity) . aJIaAHwUM * 

c 1 x(c 2 xc 3 ) = (c 1 xc 2 > xc 3 (Associativity) .U-^i wUM * 

l=(l+0i) ysj (Multiplicative Identity) ^ 

(Multiplicative Inverse) ^^ijJiJi * 
(4)Vc^0 + 0i , 3 z^0 + 0i :c z = z c = l=>z = - 

oiJL^j ) _L ^ jj? ^-Jsj d jj jjLaII l^C y> sjs* Jl ^1 

" C " " 

. IS jll il JL£*^1 AS- y>^u* 

IJIjuI iy>j (C-(0+0i) ,X) : Jl ^1 

aS jAI iliXC^I ci - ^" C + j X ) ; Jl (_£l 


f 

Conjugate Number jjlj«JI j-JI^ [1-3] 

! J 


DsMtofiD 


V a,bER 4 c = a-bi c-^jli iJjJi ja c=a+bi 

e S jll iJjJl j^il j* 


. i j*S*a JJj ( ) jjt ( i ) jil j ^ Sis' j i i j*S*a JJj 3-i ^>xaJ! jj^l ja 3 +i : 
. 7 ja 7 iJjJl (j^lj-* dAJ Sj l L jSS Ijj 5+4i (jilj-* 5— 4i Jlj 



; 4_liV I ^y$ I I ~v ' <j I I jl I i a \j*' ^ya ^r i^a'i \ 




V; 


!) C,±C ! = C 1 ±C ! 

2) 

C,XC 2 = C 1 XC 2 

3) 

c = c 


4) 

c x c = a 2 + b 2 oia c = a + bi oir bl 

5) 

n i 

II 

n 

Ola C £ R Ob' bl 


( r > 

— 

6 ) 

_£l 

= = , c, ^ 0 


V C 2 J 

C 2 


: j* c = 1 + i , c 2 = 3 - 2i jit lii 
(1) c,±c 2 = c;±q (2) c,xc 2 = qxq 

(1) C, + C 2 =(l+i) + (3-2i) 

= (4^i) = 4 + i 

q + Q =(T+T) + (3-2i) 

= (l-i)+(3+2i) = 4 +i 


.-.c l +c 2 = c l + c 2 

C 1 - C 2 = C 1 - C 2 01 orb 

( 2 ) qTQ=(H-i)(3-2i) 

= 3-2i+3i-2i 2 =5+i =5-i 

c 1 xc 2 =(l + i) (3— 2i) = ( l-i )( 3+2i) 
- (3+2)+(2 — 3)i = 5 -i 


•••c 1 xc 2 = c 1 x c 2 


—8 — Jlia 







1 2 + 2i 2 + 2i 2 + 2i 

x = = 

2 — 2 i 2 + 2i 4 + 4 8 


1 1 . 

= - + -i 

4 4 


x,ye 


3 — 2i 


3 — 2i 


T 


R ^jA ' iU-J J'*S r z£ ijLiLM jAA y ^— 

1 + 5i 


x-yi 
l + 5i 

x + yi 
1 — 5i 


xi + yi 2 =3-15i-2i + 10i 2 
xi — y = —7 — 1 7 i 


x = —17 
y = 7 


3— 2i 


i 


oiri.ii 


-10 -Jli, 

1 


1 



: c 2 =l+i , c x = 3 - 2i oiT li! 


11 -JUl. 




7 \ 

Cl 


3-2i 

> 

i 

u 


v 1 +i j 


: 














V 


3 — 2i 1-i 

x 

1+i 1-i 


3 — 3i — 2i H- 2i * 1 2 


V 


1 + 1 


1 — 5i 


\ 


1 2 


7 


15 . 15 . 

= i = — + — i 

2 2 2 2 


3 — 2i 3 + 2i 


1+i 1-i 


3 + 2i 1 + i 3 + 3i + 2 i+ 2 i 2 

x = 

1-i 1+i 1+1 


V C 2 7 


1 + 5 i 1 5 . 

=-+- l 

2 2 2 


£ 

c 


I JJjlI I ^_lc. C I JJaJI 

'Jj ifl jljill U , .. ' . « j . ^ ' LuU (3^ + 0 




C 2 c 2 ~c 2 


a+bi 5 jj ., 1 ? I L ^su Lf 


-12-JUt, 


a ) 


1 + i 


2 — i 


c ) 


1 + 2 i 


1-i 


3 + Ai 


-2 + i 




1 + i 1 + i 1+i 

a) = x 

1-i 1-i 1+i 


l + 2i+i 2 2i . 

= — = i = l) + i 

1 + 1 2 




2-i _ 2-i ^ 3 — 4i _ 6 — 8i — 3i + 4i 2 
3 + 4i~3+4i 3 — 4i _ 9 + 16 


2 -lli _ 2 11 . 

25 ~~ 25 25 1 


l + 2i l + 2i -2-i —2 — i — 4i — 2i 2 -5i . . 

= x = = = -1=0-1 

-2+i -2+i -2-i 4 + 1 5 




x 2 +y 2 = x 2 - y 2 i 2 


^-11 x 2 +y 2 

: dUjj a+bi s I I ^ A ±a 
= (x-yi )( x+yi) 




b,a c.^ y - a+bi ^ >— »■ j^p 53 t 10 ^ J»L?- 


3 

*+> 

i 

m 

H 

1 

1 


1 

= JJ-' 


• 10 = 9 + 1 


10 = 1+9 


= 9 i 2 


= 1 9i 2 


“ ( 3— i>( 3+i> 


= (1 3i )( l+3i) 


• 53 = 49 + 4 


53 = 4 + 49 


= 49 - 4i 2 


= 4 - 49i 2 


= ( 7 - 2i > ( 7 + 2i> 


= (2-7i)(2+7i) 







: jll <Lol*Jl 4+ .iiglb Jib Lf y& . 1 

Vne w , (2+3i> 2 + (12+2i) 


:i24 


:999 


!4n+l 


(10 + 3i )( 0 + 6i> , (l+i> 4 - (l-i> 4 


1 

2 + 3i 


"3 + i V 

a+i 


2 + 3i 
1-i 


l + 4i 

x 

4+i 


12+j 5 3 + 4i 
i 3 — 4i 

(l+i> 3 + (1-i) 3 


: 4-j^n jjcJJl (jcuiLji+l y j X >u>_w -L? - . 2 

a> y+5i = (2x+i)(x + 2i) b> 8i = (x + 2i)(y+2i) + l 


c ) 


l-i A 
1 + i 


+ (x + yi) = (l + 2i) 2 


2-i 

d> x- 

1 + i 


3 — i 1 
— y=- 

2 + i i 


1 1 _ 8 . 

(2-i) 2 (2+i) 2_ 25 1 

c> (1 — i)(l — i 2 )(1 — i 3 ) = 4 


b) 


(1-i) 2 | (1+i) 2 
1+i + 1-i 


: 01 c~0»l ■ 3 




I 29 1 125 c 41 t 85 s\^\ & JJb- .4 


. JLmmmJ 0l^*A-£- 


OUiil 


3 + i 
2-i 


oi <0^- lii jjcwOLjji+i y , x jj? - —5 


x + yi 


r 


. I jjjJL\ [1-4] 

g :* Jb” +\Jq U>j & 0 LJL JL>- Ob*lP <*Jli L^- y> LJLJl>- b*l£ a Ob" bl <UI Cwo-Lxj jJU 
. 0 jj& 4^-lj +! oli a. = 0 Ob" bl l»i . a jj-jvo ^jj *LM +-^/g" x 2 = a <Lbl*i! 

. jJ,l iJjtU <La«j jj Jjf-I J% 


'•' (x + yi) 2 = 8 + 6i => 
x 2 +2xyi+i 2 y 2 = 8 + 6i 
(x 2 -y 2 ) + 2xyi= 8 + 6i 


. c = 8 + 6i *La«j jj .LM -b- 
x + yi jjs c ijjOJ j 01 jfi jJl> 


- 14 -Jli. 




x 2 -y 2 = 8. 


2xy = 6 => y = -. 

/o V 


•d) 

•( 2 ) 


x 2 - 


X' 


3 
vxy 
9 


= 8 
= 8=i 


ijfrS y> JjSJS- lju jAJ 

: ^>-4 ( 1 ) SJibll ^ (2) jjflj 

: X 2 ^ 0^ jd jJaJl k-JjO 2 j 


X' 

x 4 -8x 2 -9 = 0 
(x 2 -9)(x 2 + 1) = 0 

x = ±3 ji x 2 =-l 

3 

V = 5 

•'• y = ±l 


( X G R 0*^ ) X --1 

: ^ J«a?o X l«J ( 2 ) ^ Jajj*s}\j'j 


X 


B 

y 




'•^ = 3 + 1 j c 2 = -3 -i 

_ 3 _ i j 3 + i L^js c oi 









8i, -i C -17 c -25 : J^r 


15-Jli. 




c 2 = -25 : J 0 ^ 

c=±V I 25 =±V25i =±5i 

c 2 =-17 : ^'u^ 

c = ±v C l7 
=>c = ±Ju i 


— i j .LM ja (X+yi) oi j? yu 

■'■ (x + yi) 2 = -i => x 2 + 2xyi + y 2 i 2 = 0 - i 

x 2 -y 2 =0 (1) 

2xy = -l 



x 


1 

4x 2 


= 0=> 


: ( 1 ) AiiUllj (2) ^ j & j jjcJLjj 


: 4X 2 ^ 0 ^gS jji jJaJl j 

4x 4 -1 = 0 => 

(2x 2 -l)(2x 2 + 1) = 0 


(X €E Ro'S ) 


2 1 

X = — 

2 


( 


y= 


+ ( 2 ) 




X=±_ T 

• X ^Ut-w i j£- ( 2 ) ^3 jaJIjj 'V 2 


U! 


J 





X 


+ 


v 77 


1 

77 


i 


\ 

) 


Uj6 OLa— ) — i 


1 

77 

1 

77 

1 

77 

1 

77 


•’• (x + yi) 2 = 8i => 


8i j *LH ja x+yi oi jp jJl> 


x 2 +2xyi-y 2 =0+8i 
x 2 -y 2 =0 (1) 

2xy = 8 =7 y = — (2) 

x 


X' 



: ( 1 ) ^ ( 2 ) 3JiUAl jj> Js-i jjcJLj 


: £sjuj X 2 ^ 0 ^ jji jJaJl 2jj 


x 4 -16 = 0 => 

(x 2 — 4)(x 2 +4) = 0 => 


( x ^ R ) x 2 = —4 

x 2 =4 => x = ±2 



: X j£- ( 2 ) <Uil*Al ^ jiL) 


X 


m 

y 




i (2+2i) LoJ 6 0l~*— 8i 







.(C) j iJiUll J» [ 1 - 5 ] 


3.j b) c CZ R oij a 0 ax 2 + bx + c — 0 <UilA«JJ oi ^ ^ j^il jJ,I c.w»-L»j 

_ -b±Vb 2 -4ac 
2a 

(LJLJb’- J SJiUtoJJ A^-jj *}? <Uli UL- b 4a C jlJJill OlS" lil <UI c*3 j£j 

. IS ^il Is- ^3 l$J 


. aS jJ.1 ili.l£'*^l "is- ^3 X 2 + 4x + 5 — 0 


-16 -Jlia 


x = 


-b±Vb 2 -4ac 


2a 


_ -4±Vl6-(4)(l)(5) 

2 ( 1 ) 

-4±Vl6-20 


2 

-4 ± V— 4 


: ( jJI ) 0 jjUiJl 


-4±2i 


= — 2± i 

{— 2 — i, — 2 + i}:^ 5JiUil 


ax' +bx+c — 0 AJilxil jl j*-1aj 

: loJts *SLjl> L^j‘>LoL*»o 




x 2 = 


-b-Vb 2 -4ac -b+ Vb 2 -4ac 


2a 


x i = 


x i • x 2 = 


c 

a 


-b 


2a 


: >* x l + X 2 = — : £j+**J 

a 







«■ 

: L> LS L y>\j&-\ dIa jjs siliVI 

a,b,c e R , ax 2 +bx+c = 0 , a 1 # 0 ihuil ^Jbr jb-i (y ^ 0) x + yi ois" bi : Si ji 

. i$J y-Sll jJLM ja x - yi oia 

Jit a^ 0 Jit ax 2 +bx+c = 0 ibUil J J? 2 u~jl Ltf 

2 b c n 
X H — XH — = 0 




a a 


— (^jjJjM ) X + (^JjjjM O j^p ) — 0 


x^ 


. ± (2+2i> UljJbr ibUil ^ 


-17-Jli. 


(2+2i)(-2-2i) = (2-2) + (2-2) i = 0 : j* &*** 


(2+2i )( -2-2i) = - ( 2+2i) 2 


Jjf-I y) j^p J^p[p- 


= (4 + 8i + 4i 2 ) 

= -8i 


x 2 -0x+(-8i) = 0 


: ^a iLfjyj SJibtll 


x 2 -8i = 0 => x 2 = 8i 


3— 4i J^-\j <La«j <U il*il O^S" 


-18 -Jli# 


3— 4i l^Jj J^-\j <Uil*il £j'%t\ju> 01 Ic 

3+4i ^ j - ® ■ ■ 


: 


25 — 1.0. g j y!p J~pl?~j 6 — ^ya^u> 


I ^A iUiUIl •’• 










) z 2 = -12 
c ) 2z 2 - 5z+13 = 0 
4z 2 +25 = 0 


jZj> LaljJbr ^s\ jy.j ‘Lj'il <La~j J-?- . 1 

b) z 2 -3z+3+i = 0 

d ) z 2 +2z+i(2-i) = 0 
f, z 2 - 2z i + 3=0 


M= i + 2i 


L = 1-i 


: c«~>- JVIiL Lftlj <L*« j iUiUIl 0 . 2 

b> M=— 1 , L =(3-2i) 2 

1 + i 


a> -6i 


7 + 24i 


: 2L S' jjJlM • 3 

4 

C) wr^ 


a ) i 


: ja ILJLJLM oli <La«j dJiUIl L« .4 


b) 5-i 


c ) 


V2 + 3i 
4 


jA Laj V a CC <L*-«3 LaJ X — 3X ""b (5 5 i ) — 0 2JiL*i! X?-\ jA 3+1 OLS" 1^1 —5 


r 


.Li'jll [ 1 - 6 ] 

Geometric Representation of Complex Numbers. 

y* iJ—P J S" OIJIj <Uli . <S j “««AI J»LC (R 2 jl) E 2 OlS" lil 

Jj ■ R 2 Jl E ^ JjUj E 2 J (X,y) aiai-J L (X,y £= R c~^-) x+yi 

JjJS JjIaj ^Jlj E J ^ jiaJlj J d-k^^Jl <bj^f-l oLJ^JtJl L--j J-ua ^ \Xlt 

. ( R 2 jl ) E 2 ^ oLJUaJI 

j I k ■ ■' ^jsJlj <LS" jll il*lP*}?l Jp OL-L»j»JI J»JiC 4^-^/IJl i j^Jlj J_lJ| I Jjfe J JjLuj j^t> 

j ( J. R . Argand, 1768 - 1822 ) ^UJI Jl L~j Jjbrjl Jl£il l$JLs£ ^Jl JU 
ji ^ C^. F . Gauss 1777 1855 ^ j\s- c j ?. ^ 1 1 ^jIA*^! ^-li^-ll ^ j ^w^Al 

( Complex Plane ^ '■ • ^ J I ' L C ^ 1^ ■ “ ■ A 


y 



jjJslj ( x axis ) ^i-^iJi jj^i ii 

^ .a. ^ .a. ^ -l «. j — ^-1 4 j Efr Jic 

t$al aJl j j £1 l__»l c-T^-ll 

jj £1 (H--I <l_jl& jJlki (y - axis > 

J—jitJl ‘L-yiP J : ^—> t^iJl j J-yitJl 

yS jll iiXaJl Oli JUL)j . yS jll iJjtL! 


y 



X 


= x 2 + y 2 i . Z, = X, + y, iois-^J 

j_»ki_Jlj j*^l Lw 9 jl__p" y> ObJ__P 

: “'- i p 2 < x 2 ■ y 2 > > Pi< x i’ v,) 

z, + z 2 = (x, +x 2 ) + (y, +y 2 )i 

1 1.2-11 I Z + Z J JU-5 j ^ e j j 

p 3 (x, + X 2 , y, + y 2 ) 

. ol^blllj HU--uJl OU jA*^>Jl j-yaJ»?iP»*wa 

: (1- 2) JiLsJl J US' 
0 pj+ 0 p 2 = 0 p 3 oi<^' 


q p <lUc j^jc x + yi <-S jJ,l 01 




<uk-j c Sjji U-U 0 J_p- 0 p ? Oljji 4^0 ^a p 2 Ola - Z 2 i^S jJ.1 i jUI Jiff p 2 Uj-a^l lit 


: Oli 


Z l- Z 2 = Z l + (- Z 2> 

US' Op x p 3 p 2 £%^l <£>l _p> -ulu 0p x p 4 p 2 C~~>- p 4 iUiJb 0 jSJu ^JlJIj 

. ( 1-3 ) JiuJi J 


p 2 (- 



0p 4 = p 2 Pi = 0p,-0p 2 


Olt^' 


(1-3) JiUll 


: ^ L— oLJUaJI JJl* 
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3 .) (3+4i) + (5 + 2i) 


b> ( 6 - 2i) - ( 2 - 5i> 


a> (3 + 4i) + (5 + 2i> = 8 + 6i 
z x = 3 + 4i => 

z 2 = 5 + 2i => 


P,< Z ,)=P,(3.4) 

P2( Z 2)-P2( 5 > 2 ) 




y 



Op, +0 P 2 =0 P 3 ; 



Op 3 j-ft a c^ji _p> 


b> ( 6 - 2i> - (2 - 5i> = ( 6 - 2^ + ( -2 + 5i> = 4 + 3i 


Z [ = 6 - 2i =» P l( Zj)-P l( 6.-2) 

z 2 -=-2 + 5i => P 2 (Z 2 )-p 2 (-2,5) 

y 



z 3 = 4 + 3i => P 3 (Z 3 ) = p 3 <4, 3) 





Complex Numbers IS 




^S- L ft jjUfijj 0 jjs JjLa j*_) J»^J j_k ■" (^uS*l . 1 


z 1 =2 + 3i, z 2 = -l + 3i, z 3 =l-i, z 4 = i 


. JjL* j*s J^J ji' j^Jl iJjJl C-sS”l . 2 

z : = 5 + 3i , z 2 = -3 +2i , z 3 = 1 - i , z 4 = -2i 

: ^ jubrj! JiLi z = 4 + 2i oiTlil.3 

z , z , -z 

: j^> y£ Jjbrj! JiLi ^w?ji Z 2 =l+2i , z 3 = 4-2i oiriil.4 

-3z 2 , 2z,, z,-z 2 , Z 1 + Z 2 



r 


.iSll iJuJJPolar Form -kill I f 1. 1 

» ** ♦ ** 


I jjfc z = ( x, y ) jJij z=x +yi 5 j 4"»j .,<? ; L— iji <UL)L~Ji ^ j^Ji ^ 

. ^ ^-*^1 Ua^-I Jj _ p*jj ■ Ajtj.iiclL; j-«Jl S j?-\ iXiJl 

: Oli ( 1—6 ) JiLiJl ^ L^S" p ( X,y ) a b a •■ P ; aldiaj Z = X + yi *w £ j^>Jl Uj*i! OlS" jls 

oi_»kiJi oi_jij ?-*^i l_«j 6 (r,9) 


y 



X 


* Wfl'l 


0 c~- p 5 LaJU 

llftj c^lJLu*^! ^JUaJl J-_UjOX j 

01 j r =||op|| 

°P ox Cr 4 9 j-M 

i)\S lil Lc-LJl o> Lit j^SCc- aU*jL 


aL^ul j c 


j*a 


jj_Ssjj LJLo jaiLaJI j' S' lil <LpL*JI 

: oli 

R(Z) = x =rcos 9 (1) 

I(Z) = y = rsin 9 (2) 

Z*w -S j^Jl iiX*U s-JJjtl! j*ji I (Z ) Lojuj Z c_. S j^Jl iiX*U ^gA.jA.yJl s- J^s-U j*ji R(Z )C~y^- 

(Modulus of Complex Number) z ^ j r 

r = ||z|| = yjx~ + y 2 c--^' 1 z| <*■! j-»^j z j^LiU ji a mod z” !^Aj^ Sw-JUvO ^-A^-A^ - ^ 

\Js. ( 2 )J (1) 


cos 9 = 


x 


x 

z| 


sine = y=^ 


(Argument of Complex Number) iJbJl ^ 9 ui 


9 — ctTg(z) c-j Ijl „<g ,•;,>■ 1 j 


I (j L Q ^jJI A. ><al I <Q!a jAC. Ijj£- 0 J^,Lj Jjl A ' 

.CjIjJAII ,j-0 ^AL^juZi JJJU ^jC. 




Uiajl l)j£j 2 JS- n c«~>- 0 + 2nn : ^AS" Oli ^S" y> sjs- ajua 0 cOlS" lili 

. ^ ‘S' 

iJjJl A*~J ^uJ^I IgJ JliLi c-S" _^Jl iJjJl A*~o ^^JLc- AJIjJI 0 e [0,271) CJIS" til U! 

. (principle Value > ^J! 


. Z A*»*J <L»*>L*>*}n <L*_JiJlj ^UuJl J^x2 Z = 1 — V3 i 015" lil 


-20 -JUl. 


mod z = ||z|| = ^/x 2 + y 2 

= Vl + 3 = 2 


x 1 
COS 0 = — = — 

llzll 2 

• a y -V5 

sin 0 = --^— = 


arg(Z) 


| z| | 2 

n 


Jj*^l £)jJl ^ 0 01 


. jL *LwJ Ow* *L- > - ‘m Cj ’ j j ^oCJLsO ' X^imS 1 1 1 01^ 1^1 


-21 -Jli. 


mod z = ||z|| = Vl + l = V2 


cos 0 = ft = — i 

llzll v2 

sine =x = 4 

llzll v2 


71 571 

• • arg ( z) =n+— = — 

4 4 


: 


cJliil 0 01 











jAx^J I ‘LaJil I (jV dil Z — 0 k— i^ji> ^ I 4 Ajuj I ( 1 

. 6 I ^ > I 4J t j 1 1 ' I 

' t I J JaJ 1 <ULjujJ •K ' ' " Lu <1 A ' Q II J m I ' Q 1 I 6 J 12 ■*> • ^2 

<i ' 'l~i~4l I <1 * * < 1 ^ajlJa (g I 6 jj z — x+yi I j jaJ I <L> L5L> 

: jfu L^j Polar From 

z = (rcos 0 + irsin 0X=r(cos 0 + isin 0) 
z = ||z|| (cos(arg z)+ i sin(arg z)) 

±SyJ\ ijjJ! ^ 0 =arg (Z) c r = modz= ||z|| c~- 


: I-J2i.ll ^J^w- aJIj ja JS j_£- 


-22 -Jli. 


a) -2 + 2i b) 2V3 — 2i 


a) let z = -2 + 2i 


mod z = ||z|| = V4 + 4 =2\[2 
-2 1 


cos 0 = 
sin 0 = 


2%/2 V2 

2 1 


2V2 V2 

arc / 7 \ 371 

arg ( z > = ft = — 

4 4 


z = r(cos 0 + i sin 0) 


: 




: Z w-T 4.-JgJiJ ' 4.* , .,i?H 


0 nz, 371 3tt 
z =2v2(cos hi sin — 






b) z = lS-2 


mod z = Vl 2 + 4 = v'Tft = 4 


cos 0 = 


2n/3 

4 


V3 

2 


sin0 = — 

4 


-1 

2 


J Cf 2 0 


ar g < Z ) = 271 — — 
6 


1 l7C 

T" 


z = 4 (cos 


1 1 7T . . 
b i sin 


1 1 7T 


) 


6 


6 


: Z c-S” j-«Jl v J-*JJ ^ . . b? 5 U 4j>j.|igH 


a ) 1 


Complex Numbers kS 


: I-J2i.ll jj> JS j£ j~£- 

b)i c>-l d) -i 

: 2L&I 
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y 


(») 


1 


( 0 , 1 ) 


-►x 


P( z 2 ) = (0,1 >= 0+i 


mod z 2 = 1 

n 

arg z, = - 


. 71 . . 71 

• • z = 1 ( cos — +1 sin — > 



X 



(1-7) JiLiJl 







: * ^ - wwwwvw 


I = (cos0+isin0) 

-1 = (cos 7i + i sin 7t ) 

i = (cos — +isin— ) 

2 2 

. , 3 n . . 371 . 
-i = (cos hi sin — ) 

2 2 


3 = 3x1= 3(cos0 + isin0) 

-2 = 2 x (-1) = 2(cos 7i + isin n ) 

5i =5xi = 5(cos — +isin— ) 

2 2 

-7i =7x(-i) = 7(cos — + isin— ) 

2 2 


: 01 jjjUJl j„ ; U ; j 


De Moivre’s Theorem 


.yljj:o [1-8] 


z 2 = cos(J) + sine)) , z 1 = cos0 + sin0 : Ojj^oj wU\J 01 Z , , Zj 


z 1 xz 2= (cos0 + isin 0)(cos(J) + i sin (J>) 


(cos0 +i sin0) 2 = oli ((]> = 0 ) OU 

: ^b US' 

= (cos0 +isin0) 2 = (cos 2 0 + 2isin0 cos0 -sin 2 0) 
= (cos 2 0--si|n 2 |9)+i(2sin0 cos0) 

= cos 20 + i sin 20 =RHS 


. j3\j*q , .O 4-Lfcj-wo . j C- -4- ( 1664-1754 ) y jij 


D<§ y@ii¥ir® s Tlh®®ir®m 


o ^0gR , n g N j^j 
( cos0 + i sin0 ) n = cos n 0 + i sin n 0 



( J aii ) : Jlftj-Jl 

: U^j jJl «■! iijjJaj 4 _js j~<Jl fl jjs Olftjj J-*^ 

: ^;.iig'i Oli n =1 ( 1 

. 8jL^ (cos0 + i sinG) 1 =cos1 0+isinl 0 

. P = |^ J^J 01 k> 1 j>lj (2 

. U>ji (cos0 +isin0) k = cos k0+isin k0 

n = k + 1 di^A*Jl 01 c^jj 01 *w^5rtj (3 

/. (cos0 -Hi sin0) k+1 =(cos0 + isin0) 1 (cos0+isin0) k 
= (cos0 + isin0)(cos k0 + isin k0) 
= cos(0 + k0 ) + i sin(0 + k0 ) 

= cos(k + l)0 +isin(k + l)0 


u — k + 1 jjs- u — k ■> k> 1 n jjs- aj+IaJ \ lili 

. II 4j?tw>W 5 j— 1*J <UAj~«Jl Oli jJl «■! 


(cos — 7i+ i sin — 7i ) 4 
8 8 
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(cos — 7i +i sin — 7i ) 4 
8 8 

371 . . 371 

=cos hi sin 

2 

=0+i(-i) = -i 


2 













:^0e R , ne N 

L 

-25 

Jlia 


(cos0 -isin0) n = cos n0-isin n0 




Q x = r cos0 , y = r sin0 


t_9 jJaJl 


= [cos4>+isin(|)] n 
= cos n 4> +i sin n <)> 

= cos(-n 0 ) + i sin(-n 0 ) 

= cos n 0 - i sin n 0 

(f • -» • J) 


c|) = —0 j 


jJaJl 


; Jii jjCi !» r J- ilXuj 


oli 

0 

g R , n g Z + 



Vz = 

1 

r n 

0 + 27ik 
cos + 

. . 0+27ik 
ism 




L n 

n J 

k = 0,l,2,...,n 


<UA j^o 
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1 


1 



z = i+i 


Q modz = V2, cos0=— )= , sin0=— j= 

V2 V2 








z = V2(cos — +isin— ) 

4 4 

(l + i) M =(V2) M (cos — + isin— )" 

4 4 

r\~y / 1 • 71 \ 

= 2 2 (cos hisin—) 

4 4 

. 371 . . 371 , 

= 2- (cos hisin — ) 


ii 


= 2 2 (- 


1 


.4-) 


•Ji -ji 


(cos0+isin0) * 1 = [cos(-0)+isin(-0)] = (cos0 -isin0) 

V > - - - - - - - - — — 


: diktat!! o jjt 

[cos0 + isin0] n =cos n0-isin n0 



x 3 + 1 =0 => 
x 3 =-1 

x 3 = cos 7i +isin7i 

i 

/. x = (cos7i+isin7i) 3 

7i + 2n7i . . 7i + 2n7r 
x = cos hisin 
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3 

n = 0,l,2 


3 






71 . . 71 

= cos — bisin — 

3 3 



= cos 7i + i sin n 

= -1+i(0) 


= -l 


j j£j k= 0 




k= 1 t*-* 


5n . . 5n 
= cos b i sin — 

3 3 



k= 2 


Z*y- 






(V3 + i) 2 


A ■ ; b 2 H A • ^ .p 'I J^-j\ 
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z ^3-i z = V3 H-i j 



V3+T = 2 


cos0 


s 

4 



sin0 = — 

2 

arg(z) = ^ 
6 






o I 7X . . 7X 
. . z = 21 cos — bisin — 


\ 


=> z 2 = 2 2 (cos — + isin— ) 2 
6 


7 


z 2 =4 


f \ 

n . . 7i 
cos — +isin— 

3 3 


( Z 2 y =4 5 


_1 


71 - . 71 

cos — +isin — 

3 3 J 


= 74 


COS 


+ 2n7i +2n7i 

3 • • 3 

— b i sin — 


2 

z 5 = 


2 

z 5 = 


2 

z 5 = 


^4 fcos — + i sin — 
V 15 15 


j k = 0, 1, 2,3,4 c~~?- 

k=0 


74 

7T 


771 . . In 
cos hi sin- 


cos 


15 

1371 

15 


15 J 

. . 1371 

+isin 

15 J 


z 5 


z 5 


74 
74 
= 74 


1971 . . 1971 

cos bisin 

15 15 

2571 . . 2571 

cos bi sin 

15 15 

571 . . 2571 
cos bisin 


k=l 

i>j£j k=2 

i>j£j k=3 
i>j£j k=4 


3 


3 


: Lo( j \ ) w 


1.2 


(cos 20 H-isin 20 ) 5 
(cos 30 +i sin 30) 


: ^jL U 1? .« ; . 3 

b) (cos0 +i sin0) 8 (cos0 -isin0) 4 
Hint : x 4 y 4 = ( xy ) 4 


<uL jJaJl *ua j*j> — "I -j- y[% i *La»j jj JjjJI . 4 
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Chapter Two 


Conic Sections j » W 


• jylSUl ^2 jlI 

/«yy 

.jcyi^kiJ 


n 


U 
[ 2 - 1 ] 

[ 2 - 2 ] 

[ 2 - 3 ] 

[ 2 - 4 ] 


4 > woLj^JI 4-SM-3lJI ^1 j-OjJI 

1 U I 1 

F 


c 

e = — 


a 


2a 

c > ) LU 1 j 






(r 




^S- i5 j&sSJ ^ <->S\ <£ y j~a ^*„ ; k"j 0 ^3 ^jiaflJl fl JJ6 J^a ^ Vjl Ust— J 

(jtfiLJl ^JaiJl <lUJ oljlJUjI c$l ). U^JLJlftl oljlJL# 

Ob 0 j.iig.ijwJl Ji^-^Aj SjiJl ^3j 

Oljl*L_a 31 J-Ji J j^" jJ*Xj OLij 

I Oli»kJl j_aj C U_*fijl 

jL-Ujl I ^ al.l-fc.-r ...I J| C-^jWflU 

J— jy-^J 0*}?l ^ 1 g ) C~f- O J -^flJl 

jLiwjl ^j. kill jS j o j ~& Jl 

^ ...-*■ a j g 3 5 jl— ».Jl & US' $. j~i sJl 

L_aJ-X . ; -^a djjjj ^3 ^il^a 

U ;./?■»!' ^a JJLUj 

ij j ] J ^ . .. ^ U ^_ UU I ( 1^ f L»jJ ■ 1 lift 
j_a ULUUl 4_*U*^I ill iS'j . Uis! 

. AjL_wmJ| ^Lal J^j jJsJl fljljl ^gJl Jj U>a ^U^aJl 
jj-tfJl J*A> IgJa^Aj ^ j3-*^' OliL-Jadl 

:U!U! 




j ^w«pL jJl J«?ta l ^ " ■' ' I j 5 4_J?j j^waJl e^j Wall <_£ *La jp»a Lo-a 

J»*j OLaljjJl 0 jj6 ilLvs! JJ> ^3 ft jjl 4~a*^_M>^n <Lj jaJI OjLajxL OIS'j ^-5^-JliwJlj frlp fill 
JJ jJl jaJI s-UAaJI . j^ijjLj c _^pJjjlj c j*JL~a Jl^al (Jj j-~pL jJl JU^I ^Js- 

'", £ 11 jjIj t ^ _^Jl J^_«>Llj t jjIj o j2 jj c*jU ^jJaiJL) I j^ial 


— all — fljj|.^J| ; <Lj?jj^t<JI £jJaiJl jj JJ <LjLS" ^j^wal^Jl UuaS\ ^ Li jAJJ J-~a 

: ^ L-aJ-js c-jLsil a jjs ^Lp J j-^tJl c~p~ • JjIjJI ^Lsll — ^aSLJI ^Lsll 

^JULSI ^ jjljJl ^Js^o »jfij lil 

all jjJUiJl jjljJl Jsj jj?iil j^ilj t£_pu *^J j»JUiJl jilLJl Jsj j_pt* l _£^ j-«-P _p~«J» ^ 

. ( (^ 11 . 1^1 e ( OjjL t — L^wa»Lu& ^L^-wO JiC 

. “Parabola ” ( *JaiJl ^-a.^ L*jlj* y. £ j> J±e oU y> Jo-H j 

^jASLJl ^JsiJl ^g-4— L—ii^A ^l^Ja JjLC ^Lail J\i 4 jI*U J^- l (^jljj *}?j dJJS’laJ j\ jj> j~S- ^ 

“Ellipse” 

Oli t£ OlJj j-a jj> ^jjJ S ij jjJlflJl <_£ jjljJl Jsjjixil ^ 

. “Hyperbola” JUIjJ! ( *-kiJl L *. JcJt JiC 

: iLl?jj^iil ^jJail! 5_JLJl 





( 2 - 1 ) JiLiJl 



( ^ 

a-kaJI [2-1] 

V _ J 


DsMttita 


l ^ LjIj u»..A.*».«wa ax + by + c = 0 j ^ j^»>w»Ji ^3 

l*_JLa«wJI j£ LaJju (X 1? y : ) iLLaJl j£ l^a JS Jju i?lii 

^kiJL) J 0 j (C) bjU b*l£ t£jL 

Jl Ji" Is- y*JX-z JuJcS- 

-j ax +by +c = 0 


: ^ ^«jcj j*_J6l^4 5 j^j ( 3 jjIjJI I Js- l« ) ^laJ J^J 01 L>-« 


. “FOCUS” Jejy** J' ^JaiJt 5 jJj (X^ ) * 4^' “1 

. “Directrix” Jejy*. J' ^JaiJI JJa ,^^-u ax +by +c = 0 ch^' <J\ -2 
.“Eccentricity” <s £ ^ (e> L~J! -3 


« Parabola** 

^iLUJ ^_LUI ^ e = 

1 

«Ellipse» 

jj^aLlJII ^Ja^J 1 ^ Q < 

1 t0<e < 1 

«Hyperbola» 

jjljJI ^U<al 1 ^ g > 

1 



: 5JoU-<Jl [2—1 — 1 ] 



to" dJJij <UUJl ILbbuJ' ^JaiLil *_Aj jAj j,® 


: ^ (X x , y x ) fljjJlj (X,y) J_jj — .wjl J — SJ-lc- t ^Js- diaij (X, y) J^cj 



V(x-x ,) 2 +(y-y ,) 2 


ax + by + c| : ^ax +by +c = 0 JJjJIj (X ,y> ^ 

V a 2 +b 2 

01 ^s\ ( C ) >0 Oli ul> jaj 


Vo- 

-x, ) 2 +(y-y ,) 2 


ax+by+c 


Va 2 +b 2 


va +b 


(x- Xl )' +(y - yi ) 2 = e 2 . 


(ax + by+c)" 
a 2 +b 2 


all dj^bca ^- 3 jJfiJl 

d^-j jJl 


J-J.UI <_d0 jAJ Ji diV ^kiJl dJ^la^Jl tjjt J ■ w ■ ■ .1 : dia^-bta 

^ \ 

Parabola :^l£il jXdJI [2-2] 


iLkij l^a Ji" JjJ 0_^j _^wjl M(X , y ) JaiJl iic- jA ^l£Ljl ^JaiJl 
“D” jAdt® LftjjtJ UJb IjjL^w® P> 0 c*~>- Sjj-Jl F(p, 0 ) <bjU 


Q(-p>y> 



: ( 2 - 2 ) Ji^J! MF = MQ oi csl 

I “O” d kiLll 


£. kJLSl jaiI 


“Vertex” 

(X) A .«,fldL»»w9- l I -> ■■ 


MF 


MQ 


J ,■ ' a ' ' d j^aJIj fijjJL) 

■ = e = 10 l C«~y ■ ^kiJl 



a\n a < jJlj ( X-axis jjAtaJ ^gJLAJ 4 jjjj ^ JJl ^l&jsJl <Uil*«a [ 2 — 2 — 1 ] 


Vi: 



dJilsta ib*j! ^k^Jl ULi jAJ ^ £■ IfrLuj ^Jj_pt-<jl .XabcuJl t£ ^L~w<dl ^ 

: ^gi’L L )S j 4 jjCa_a t? .*> ;l ^3 ^il^oJl ^Ss^Jl 

ikflJlj 4 ( *JgjjJl J-Ji jA D j^_JLs~wJlj £ kill fljjj F(p,0) 2 Wflt'l J_icj 

Jaij M(X,y) iikiJij t D L? Jlfr j^c- MQ c— J-J jJI ^gJLc- iLLi) Q(-p,y> 

. ( A ) (2-3)JiLiJl l ^iUS' . (0,0) ^Ij^lSLjl^JaiJl 

MF = MQ 



V(x-p) 2 +(y- 0 ) 2 =V(x+p) 2 +(y-y ) 2 

•Jx 2 -2px+ p 2 +y 2 = Vx 2 +2xp+p 2 C*-* 

x 2 -2px+ p 2 +y 2 = x 2 +2xp+ p 2 


y 2 =4px , Vp > 0 


X=-p JJjJl 2ibU-.j 


( O Lwww^J \ j J^! a ! 2JL) ^ jJ I I ) 



y 2 = — 8X ^kiJl JJi OjjJl >x^ 


-1- JUl. 


y 2 = -8x 

y — 4px 4 _w^iL«&JI AjjLfi^JL) 

=> 4p = 8 => p = — = 2 >0 

4 

.*. p = 2 

F (-p,0) = F (-2,0) 

X=p JJJI 

.*.|x = 2 




: pis- lil ^kiJl 

. 5J zJL> j-)l ^Jlj (3,0) *jj)j (t 

. &Jl> 4 — »Tjj 2X -6 = 0 J-JjJl (o 


2- Jli. 




(P»0) = (3,0) (I 

^p = 3 

.'.y 2 = 4px (SL^LiJl dJaU^Jl) 

=> y 2 = (4) (3) x= 12x 
y 2 = 12x 

2x — 6 = 0 SJiLscs ( o 

2x = 6^ x = 3 

p = 3 (cijycJ! J-iflj) 

4 J^Ia^J 1 Jj _ ■ la " * 

y 2 = -4px 

y 2 = (-4) (3) x = -12x^y 2 = -12x 

: <u— >j\ pJi y 2 = 4x ylSLjl <Ja-a.ll JJi ibU* J 3 Jp. 


-3- 


y 2 = 4px 

=> 4p = 4 => p =1 

F (1,0) SjjJi 
X = — 1 JJjJl *taLsw 
y 2 = 4x^ y = ±2\[x 


: ^kiJl <iJiUca <_a 5jjUL<Jb 












X 

0 

1 

2 

y 

0 

±2 

±is[i 



^3 jJlj ( a /3 0) ^jj-* ^ lil ^kiJl 5Jibt« J^r iju jjcJl 

. J-^*il diaij 


4— Jlia 


5i2iJlj t ^lSCjl ( *J2^l L5 ^t^ Jaij j^M(X,y )4JaiJl jScJjt F (V 3,0) SjjJ' 

. ^JsiJi caj jaj D JJjJI ^s- M ^ j^Ji _ j>oj»JI ^^ULi 4jsJij ^ Q( — 's/s, y) 

V(x-V 3 ) 2 +(y- 0) 2 =V(x + V 3 ) 2 +(y-y ) 2 <<**>"<**> 

(x-V 3) 2 + y 2 =(x + ^ 3) 2 y 


y 2 =4^x 

(^l$2jl ^JgJLil 2lJiL)W) 


x 2 +2^x + 3 

( d(-V3,y) 


/ 

/M ( x,y) 

\ 

\ 

\ 

s 

s 

\ 


(2-6) jiLiJl 

0 

F (V3,0) 

x = ->/3 

> 

' 

V 


X 










r, 

4Jsj3j ^3 jJl j ( y-axis ^oUUaJl jj^^J 4jjJj ^ JJl UsjsJi <LUUa [ 2—2—2 ] 

V " — 



lUtiUlj 4 J-J jJl ^gJLc- j^Jl i j^aJI ^Uj ikij Q(X,-p ) 2 LkiJlj ;^3lS2jl J-Ji D 

A (2-7 ) JiuUi US' (0, 0) J .^1 5 Jaij ^ j-ii l _ r ^>uL 9 Jsij M(X,y ) 

MF = MQ oli *Jsui]\ iju j*j ^s- Is-Ujj 

=> ^/(x — 0) 2 +(y- p) 2 =^/(x-x) 2 +(y+ p) 2 </>£rf>4) 

=> x 2 +(y- p ) 2 =(y+ p ) 2 

x 2 +y 2 -2py+ p 2 = y 2 +2py+ p 2 (Ja-^JL) 

x 2 =2py+2py 

X 2 = 4 py ? Vp>0 ^3lSUJ! ibkuJl 

P>0 C~~?" dJaij ^3 t^JJl ^3l^«Jl ^kiJJ 3 _^iUaJ| dJiUUl JJUj J 


2L_bU*Al 

3jj4^ 



^JgkJl <UtX3 

x 2 = 4py 

(0 , p) 

y= -p 

y- axis 


x 2 = - 4py 

(0 , - p) 

y = p 

y- axis 

_p (j 

y 2 = 4px 

(p , 0) 

x = -p 

x- axis 


y 2 = - 4px 

("P , 0) 

X = p 

x- axis 

jUwJl J^tj 









. 3x 2 - 24y = 0 ^JaUl J-Ji SjjJl 


3x 2 - 24y = 0 
x 2 = 8y 
x 2 = 4py 

=* 4p = 8 => p=2 

F (0,2) SjjJl 
y = -2 Jjjdubu. 

— : 01 lil J^- 

. rfJaij (0,5) tijjj (I 
. disjj y = 7 JJjJI sJiisw ( o 


[ (3) j^Lc- 5JiL(uJl ^ jJ? 


^kiJJ 4_w^L0Jl •U-l^vJl *~o ijjlLjlj 


J^u r <u_j 


F (0,5) => p =5 

x 2 = 4py a^LiJi aJabtJi 

x 2 = 20y (^iiiLJi *taLsw) 

Y = 7 
p = 7 

X 2 =-4py (A^LiJt ibbujl) 
x 2 = -28y 


- 5 - 


- 6- Jli* 


d)J^' 


(^) wH 












. ikftj 4—otj j (2 , -4) C (2,4) Jj > J ( *JaiJl dJibw 


7— Jlia 


. J y OIj Jp Luw obkii-Jl 

4 oLaJl iUiLitJl (il 


y 2 =4px , Vp>0 


(2 ,4) ^JaJLil ^-ikaJl ^£Xp-\ Jp yj 


16 = (4)( p)(2) 

1 6 = 8 p => p = — => p = 2 
8 

a^LJLil ^3 p = 2 


y 2 = (4)(2)X 


^kaJb ^3li2<jl ^kail J-J^ j-^.J 4 J 2 JL 1 ^jJl ^3lS2<JI ^kaJl <Lkl*,a JL?- 

(3,-5) 


8— Jlia 


: Uj& 0jj2l O Jj Jj?xj a^LiiJl 4j^l*-«-U jj 

jL»J 1 OjjJl ; LjIj Olil-tfJl jyud OjjJl ; *iJjl 


y 2 = 4px 

x 2 = 4py 

x = 3 JJjJI ibl** 

y = -5 

P = 3 

p = 5 

y 2 = -4px (JL^LaIi aJibuJi) 

x 2 = 4py 

y 2 = -12x 

x 2 = 20y 


J-JjJl Sj^U^a 











• ^LJ' jt-i ^jL; 1^4 J £ ^kiLL! JL?- . 1 

. J-^l 5Jaij jJ\ ji\j (5,0) fljjJl 
. 5Jaij ^Jlj (0 ,-4) fljjJl o 

. dJaij jJi jJlj (0,V2) 

. 4 kiJ 4y -3 = 0 ^JaiJl J-Ji aSs\ju> -S 


— : ^kiUJ J-J jJlj j_pwJl jti \ jJlj OjjJl ^L) L«-4 JS ^ . 2 

a>x 2 = 4y b>2x + 16y 2 = 0 


. lk£j ^ (2,-5) 4 (-2 , - 5 ) j-ikUL ^jJl SJ^Lsw . 3 

01 ULc- <utaLsw j^r ^LkiJ ^ (-3 ,4) ilkiJL j^j ( *JaiJl J-Ji 01 S“ lil .4 

. l _g-4-^0 djjjj 


j <tLJij ajjJj (*o A. 5^_o (1,2) 2 u s • u ; Ax 2 +8y= 0 <uJii»c4 . 5 

. ^JsaJI 


JL?- . v_aj jjcJl .6 

. Ikij j ( 7 ,0 ) Oj jJl -I 
. -daiu jJlj . y = J-J-Ul dJiLsw — 


: Ellipse [2-3] 



( OUjjJl ) jcdaij <S ^ 4£ j-oJ^a^jASLJl ^kiJl 


. C~jb i^S- 


f (- - — — 

. 4kij i j£" y>j oLl-wJI jj^ 4 flbjjj ,jA9b ^ki [ 2—3—1 ] 

v- 



(2-8) 


c>0,a>0,2ajACH^'i^'j F 2 (-c,0> , F^c, 0> Ua j^iUI ^kiJI bjjj 

^jASbJl » I? tf" jj *. J \ jJl 4^ JL».«w»J ' 4 * k a Jl 4 k A ■ '' 

^kjJl *Jsjij j (Focal axis ) jj^^Jb ^bjjJb jL«JI *jj ( ( Center ) 


[ j b 4b»2 ! jJl ^ j fl * it ■* 1 ! tA * b 4 ^miJJ b g U L-ij bbwQvwfcU ■ ” b j 3 < ^3 jjiSbJl 

^jAsbJi vkjiJi P( Xj y ) 4kii ^ j-«^j> (jjl~uj L]sjI ( 2a ) UJ jkj ( Major axis ) 


pF, + P F 2 -2a 


:bl^l 


'S j-4 ^jA j^^Jl ^ j^jbl ^kUb ^gSi k fl 1 4b*?l jJl I J »b all 

jji2bJl ^ball 



b>0 c~r (2b) I 4 J jbj ( Minor axis) j. 

. j, .ball 



. dJaJiJ i y>j oLl-wJI l£ 4JI ^JaJiJl SJibw [ 2—3—2 ] 


PF, + PF„ = 2a 


(2-9) JiLiJl 


=> a 


V( x_ c) 2 +(y-0) 2 +a/(x + c ) 2 +(y-0) 2 = 2 a 
V(x-c) 2 +y 2 +V(x + c) 2 +y 2 = 2 a 

V(x-c) 2 +y 2 = 2 a-V(x + c) 2 +y 2 (iJaUJi^^) 

- (x-c ) 2 +y 2 =4a 2 -4a^(x + c ) 2 +y 2 +(x + c ) 2 +y 2 
/ x 2 / -2cx+ / 2 / +y / = 4a 2 -4a^/(x+c ) 2 +y 2 + / x^ + 2cx + j/ + y 2 
4a7(x + c) 2 +y 2 =4a 2 +4cx ( 4 ^ tobuJi ) 

y](x + c ) 2 + y 2 = a 2 + cx 


(5JiL*><JI ^ jJ? 


a 2 [x 2 + 2 cx + c 2 +y 2 ] = a 4 + 2 a 2 cx+c 2 x 2 
+ a 2 c 2 +a 2 y 2 =a 4 +^rcx 


a 2 x 2 +^ 2 a^cx ■ ~ 2 ' 2 ■ 


+ c 2 x 2 


Ji. 


22 22 22 4 22 

a~x~ -c"x" + a~y~ = a -a~c~ 


x 2 (a 2 -c z )+a z y z =a z (a z -c z ) 


2 .. 2 _ 2 /_ 2 


( 1 ) 


b> 0 c~>- b 2 = a 2 -c 2 ti\ jpjSl*' j a 2 - c 2 > 0 oli LJb a> c oi L_j 



x 2 b 2 +a 2 y 2 


= a 2 b 2 



1 ^J2jeyu 

a 2 b 2 (JU- itaUJi ^ Jp 


. a j5* oL~~Jl jj^ 4 ^S- ilj'jJj <_£ JJl 4 ^jLaJI iLbl*^JI JJuj 

• l C ^ /t . 1 1 — 4 «wv*wJ I 

* a c 

. *l?-ljJl JJl LoJIi 6 — — 01(^1 

a 


ObL^Jl jLwojuj OUjjJ! j '< t j£ jj> j£, JJl jaSUJI *JajsJl [ 2—3—3 ] 


y 


(2 - 10) JiLsJI 



(2-10) jiLiJl 


J_pt4 flUjjj ’> ^Jai 
a]sjl> o j£ jj>j 


Jjjstjs ^Js- flLijjj jA 9U £i2i 
. iUa'i i ^ jj>j obUaJl 



2) Fi( c >0) ) F 2 ( c,0) 
3> V l( a,0) , V 2 (-a,0) 

4) c = Va 2 -b 2 

5) a >c , a >b 


6 ) 2a — J jJ? 

7 ) 2b = j »» «igill J jJ? 


8 ) 2c — j — m j-J t iliLwwoJl 


9) A= ab7i = 


x Y 

— + ^7 = 1 ibUJl 
b a 

F l( 0,c> , F 2 (0 ,-c> oUjjJ! 

V^Oja) , V 2 (0,-a) 0L.!^! 


( Area ) A LgJ j s u •. * ^-L^a 


10) P= 2n 



22 

n= Y (Perimeter) p ^u\ ^ 



< -- 1 ).^-i jJi Jii UJb Jj£jj “e” 


J - 4 J*^ j - 4 J^" (^tj Lw> JS" ^ 


-9- JU^ 


i) 






2) 4x 2 +3y 2 =- 
3 




< 1 )J« 


a >b 


x 


“I - ^2 — 1 4-^.tiLyAill ^jlLjLi 


=> a 2 = 25 => a = 5 => 2a = 1 0 

b 2 =16^ b = 4 =>2b = 8 5j ^j 

c = Va 2 -b 2 =V25-16 =V9 = 3 
.*. c = 3 

.'•F 1 (3,0) , F 2 (-3,0) oUjjJl 

V,(5,0) , V 2 (-5,0) ouijJi 

e = — = — <1 
a 5 


4x 2 + 3y 2 




x 


2 

3 



= 1 


-J ibbujl -3 Jp cj «-^2J 

4 - 


2 4 2 _4 s , 

=>a=— =>a=-=>2a=— 

9 3 3 

l2 1 , 1 2 

b =— => b = — = => 2b = ^ aJ ^j 
3 v3 v3 


=Va 2 -b 2 


=> c = 


V, 


r o 

°’3 

V 3 y 

I" 2 a 

°’3 

V 3 


, V. 


4 
9 

l' 
3 ; 
' 2^1 
°’- 3 > 


- F 2 I 0 , 7 


V 


/ 



jUjjJ! 


OL-il jJl 


1 _ 

3 


5-oJl J 


3 jj? 



<1 










OUki-Jl aLoljj F 2 (-3,0) , F 1 (3,0)flUjJj^jJl t y2iLJl ( *JaiJl4JiL)wJj!- 

• JV^I tizJu ijZ J*j V 2 (-5,0) , ¥^5,0) 


10- Jli. 


: <Uaij ^3 oL--~Jl j_p^» ^^Ip OUib jJlj OUjj-Jl 



=>c = 3=>c 2 =9 
=> a = 5 => a 2 = 25 

=> c 2 = a 2 - b 2 => b 2 = a 2 - c 2 = 25 - 9 = 16 




2 2 

x y 


= 1 


25 -|0 

diaij ajS" i^JJl ^jASLJl ^kiJl dJplsw Js? 
obUaJl 8 <aJ jJ? Uj^- oLu—Jl j- 4 ^Jaij 

. <d a-^taj ■ * d^-L*w«j 42L~JI *3 c SJL^-j 12 dJ jJ? Uj^- 


- 11 - Jli. 


2b=8=>b = 4=>b 2 = 16 


2b»8 











4-jjj yi 4 J 2 JSJ 0 ^ kx 2 + 4 y — 36 

.KGRU^r (V3,0) 


12 jut. 


kx 2 + 4y 2 = 36 

^=, 

f 9 


[+ 36] 


(>/3,0) j- 4 


= V3 => c~ = 3 


2 2 

V^ = l 

a 2 b 2 

2 36 

=> a = — 




b 2 = 9 , c 2 = 3 (1) 


c 2 = a 2 - b 2 ( 2 ) 

3 = — -9 => k = 3 
k 




oLlmJI j_pt« aUjJjj 5Jaij ^3 ajS" ^jJl ^kiJl <Uibc« 


13- Jls, 


, oJ^-j (2 ) ^ jJ? <3 jjjJlj 4 oIa^-j (6 ) 5iL*woJlj 


2c = 6 => c = 3 




2a -2b = 2 -2 

a - b = 1 => a = 1 + b (1) 

V c 2 =a 2 -b 2 
•'• 9 = (l + b) 2 -b 2 
9 = l + 2b+b 2 -b 2 
9 = l + 2b 
b = 4 (2) 










a = 1 + 4 = 5 
a 2 =25 




2 2 

— + ^~ 

25 16 


= 1 


jA 2UI ^kiil aJibw 


^kiJl 3jjj <UjJj t £\?- Ij 5iaij ajS" y> ^ JJl ^kiJl <Uibw 

. O \J^-J ( 10) J jJ?J , y 2 - 12x =0 


14- jut. 




y 2 - 1 2x = 0 
y 2 = 1 2x 

y 4px ^ <L-^LjiJl dJibtoJl iUjUuJU ) 

4 p = 12 => p= 3 

Fj(3,0) , F 2 (-3,0) : U* jpiU\ \sj}t 

=> c = 3 => c 2 = 9 

2b = 10 


b = 5 => b 2 = 25 
v c 2 =a 2 -25 
•’• 9 = a 2 -25 

a 2 =34 

2 2 

— 1- — — — J ^jASUJI dJilsca 

34 25 






: sLijJj ^jJl jAi LJl ^ S'l <. ^Ju jaJI 

6 = O-iliil aJlidlj F 2 (-2,0> , F 1 (2,0 > 

PF +PF = 2a :>UijkiU^3 VP(x,y) 

^/(x— 2)" +y +-y/(x + 2) _ +y = 6 
V ( x ~ 2) 2 +y 2 = 6 — -v/(x + 2) 2 + y 2 
(x-2) 2 +y 2 = 36-12^/(x + 2) 2 + y 2 +(x+2) 2 + y 2 
x 2 -4x+4 + y 2 =36-12^(x + 2) 2 +y 2 +x 2 + 4x+4 + y 2 


15 - 


12^(x + 2) 2 +y 2 = 36 + 8x 
3^/(x + 2) 2 + y 2 =9 + 2x 
9[x 2 +4x + 4 + y 2 ] = 81 + 36x + 4x 2 
9x 2 + 36x + 36 + 9y 2 = 81 + 36x + 4x 2 
5x 2 +9y 2 =81-36 
5x 2 +9y 2 =45 


4 iu-^aJL 

£s-Lr^ 


X 


9 





Graph The Ellipse ^Ul ^ [2-4-4] 


x y 

^kiJl I jjs jjAtoJ flUjjj ^2i <Uil)ta — — H~"j— ^ ^^-4 

"V"i (a , 0) > v 2 (-a,0 ) ^ ., : , !? a ; I ' 

M^Ojb) , M 2 (0,-b ) j-JaiJl j-aj 
r ^u^c rr J>J!^V 1 M 1 V 2 M 2 Jajj^I j-j J-tfi . 3 
Fi (C , 0) > F 2 ( -c, 0 ) jj4' 






JS" J ji? J^- £ j^Jlj jj;!g fll lj j~« >1 jJ'j j-jjJJI JS" . 1 

; ^jjlj Lj»a jS ^3 ' ^ "' **' * 4 <Ufi3tJl frj Wall ^ j^" j^Jl 


a) x 2 +2y 2 =1 


b) 9x 2 +13y 2 =117 


: pj Lo-a JS ^j3 dJaij ^3 ajS" ^ JJl ^kiJJ S-^LJiJl dJilitoJl J^- . 2 

. oJl^-j ( 12) <j jLo Sjy*j> djbj (-5 ,0) j (5 ,0) OUki-Jl Ua OUjjJl .1 
. x=±4 Jjs- oLww-«Jl jj^ 4 ^I^Iasjj (0 , 2 )L>j6 OUjjJI . o 
. ^Ic- aJ^-j 5 c 1 aj^pt-a (£^\ -Sf 

. 5.J jJ? aJ^-j ( 12 ) j..j>..,igH aj_pt« J ji? J I = tj^S" . i> 

2 

. 3Ja-j( 3 ) j.a.iigil c.fl <i<g i j c Ol^A-j ( 8 ) <LJjjj jj^H •-* 


: lil ^kiil <Uibw «_aj jjcJl . 3 

. diaij ij£ y>j (0,±3) ObiaiJl aLafjj (0,±2) OLkiJl al^jj .1 

a j5" oLu-Jl ObuLi OUjJ-Jl j( 10 >ChUJI aJb*j(6)j-jjjJl diL^woJl. o 

. dJaij 

t^jJl 3jJ_j ^ ikij ajS" ^jJl ^jasUI .4 

• (2>/3 V3) ^kSilLj ^taSH Ob y 2 + 8x = 0 


j„“Ua;U . Ol~~Jl oLtjjjj <Uaij ajS " y j&i LJl ^SaiJl <l!il*,a <\s? .5 

.(3,4) > (6,2) 

^isUij LiaJij oUjJjj ilkiJ 4jS" t^jJl ^kiJl dJilsw JL?- .6 

. y 2 = 12x ^ilSLJi ^iajsJi j»Ji oiiUaJi jj^t- 4 ^ x 2 + y 2 — 3x = 16 

J jJ?j *UaiJ ^3 4jS" Olu-Jl j_pta OL-aJUj 4ljjjj c£*^ ^jASLJI ^kiJl 4JiLst« . 7 
iLLUl y 2 + 8x = 0 £g3l^aJl ^kijj J~*»A Jl 4 j_pta J jJ? qL».Q> Ojj^ta 

* ( 2) ‘ C J IwVw t 1 ^ ^ M <1.1^1 


t£jl~u <bjj^ta jJ? ^j £j^j*s,aj dJaij 4jS" j^j hx + ky — 36 <uJibta jos\j ^k3 . 8 

y J5“ laJj la y 2 = 4 a/3x <utabw ^JLJl ^JaiJl 0 jjj y ‘LjjJj 4 (60) 

?h,k<ER 


X 2 = 24y <jgjjl 4jJj ^ c£^'j J-^' ^kiJ J- 4 (jASLJ' ^JaiJI 5Jil)ta J&r . 9 

. OJ^-J ( 36 ) djjj^ta ^gj jJ? ^ j^^aj 


^jASLJI ^SaiJJ Q ‘UaiLJlj F 2 (— 4,0)c F 1 (4,0) <LJjjj ^jASLJI ^kiJl *Uil*,a . 10 

.0J^~j (24)tJ jl~u QFjF^ C—Ll<Jl Jfi-^ta ol c~yx j 


r 


. Hyperbola jJIjJI J 2 DI [2-4] 
v ) 



^ ^>Xaj <jj j-sJ 4J3JJ2AI 0 j^j Ja a • 'I <Lt jjt jjl jJI ^JsjlSI 

. UjU' ^jLmo ( jljjj-Jl ) j^jU' j« " k S < 


(2- 12) JiLiJl ^ US' 



F t (C,0) , F 2 (-c,0 ) UaOUjJJI 
Vj^ (a,0) , V 2 (-a,0 ) UaOLo^JI 

Jsl i) J_a 2 US; P(X,y ) ilkiJlj 

[2 — 6] waj j *cJI jJI *- kiJl 


I PF, - PF 2 | = 2a 

jj—^o Ji (J j_I? i_sjU bJL£ 2a 

d_JLt £_Aj ^JLJl £. kijj 




01 — pF : , pF 2 


5 Ip a 1 « Or^ 4 J~'’ j I J-J ^ <J— —i j^ a ' ^ 

j — *Jl ^ Fj F 2 S_9l ~J'j (p) 

jjil j^>Jl (J 2c is 


jAj ) ( 2b ) jj6 jl 

. (^JajlJl j£ jaj jLdlj jj^oJl l ^S- 


( 2 - 12 ) 



. jJsJij t y>j flljj Jj »lSI jJl ^JaiJl *Uil)c» [ 2—4— 1 ] 


r r 


: JjIjJI ^JaiJl oij jjeJ 1 *«jj (2 — 12 ) J^JiJl y 

|PF, -PF 2 |= 2a 
=>PF 1 _PF 2 = ±2a 

=> •Jix-cf +y 2 -^(x + cf +y 2 =±2a 
=> ,/(x-c) 2 +y 2 =±2a + ^/(x+c) 2 + y 2 


OUjjJl J dJsJj i j5" ^2 L>5" Igj ;"l'j w »w jJsJl ^jyjj 

: oL--~Jl jy*-* 



c> 0 ,a> 0 ,c>a :0ii(2-22> 
c 2 - a 2 > 0 
b 2 = c 2 -a 2 

: J-^xj <uLiL*Jl ^ a 2 — C 2 = — b 2 



4 

. dJgJLi 5 jS" jj > j ObL-aJl j-! JjI jJl ^JaAil dJiU* [ 2—4—2 ] 

v- — 


y 



t "j|^l n\\ jjpfj) 0UjJ«Jl CJlS" lil 


F, F 2 J* 



(2 - 13)JiUJl ^ US' 4iaij 


4, bUjI Jj>cj SJLUJ! 4JL jJaJl jUjjj 


. JL 


jl jJl £. k_i.U 2 . .i I . o U 


— = 1 
b 2 


I I J i ^ya I ^ I jj I ^ lVq II g j^jl I I 



a 



4 — : 

. Graph The Hyperbola ui^Ji ^kUi ^ Uj J e [ 2-4-3 ] 



• (a > 0 ) > ( a , 0 > j j'tgg i " 


.(0 ,-b) , (0 jm 




y 



J- 










i .4 


Lv-ii (2 — 14) Li" 

laaj ' ^ ^ , ^T m ., i>, l ^^*.0 i^LvQaJ 1 | 


. JLJIjJl 


.(2 - 15> JiLiJl J US' ,*j Fj(C, 0) , F 2 (-c, 0 ) J~*j .5 


y 



(2-15) JiLiJl 


JjI jjl Jjil ja Jlj 


-16- Jli. 


2 2 

x y_ = 1 

64 36 " 


. 4«o_ujl 


x 2 y 2 

a 7 ”!? 

. 2 


= 1 


4_^LJiJl ibUJl «ua djjULoJlj 


=> a — 64 a — 8 2a — 16 s J jJ? 
=> b 2 = 36 =>b = 6=>2b=12 sj^- j jil J jb 

c 2 = a 2 + b 2 => c 2 =64 + 36 


c = 100 => c = 10 

y 



V 1 (8,0) , V" 2 ( —8,0 ) Ua JjIjJI LjIj 
F^IOjO) ,F 2 (-10,0) Ua oUjjJlj 


(2-16) jiLiJl 


Ol 6 = J jbj 5Jaij ijS ' j* JJl JjIjJI ^kiJl SJibca 

. oL~~Jl j_pt^ t OUjjJl j ( 2 ) 


-17- Jli. 


2a = 6 => a = 3 => a 2 = 9 

.*.e = — =>2 = — => c = 6 
a 3 

c 2 =a 2 +b 2 => 36 = 9 + b 2 

^b 2 =36-9^ b 2 = 27 

2 2 

x y 

/. — = 1 2 oL-5J( -U\ 3 JaL*^ 

9 27 “ “ ^ 










4 jil J jkj <Uaij ajS" jj> JjIjJI dJibw J ^ 

F, (0, Vs) , F,(0,-\/8) :0UkiJl L flljjJjJ 


-18- Jli. 




obUaJl 01 L>j 





2b = 4 => b = 2=>b 2 = 4 
c = a/ 8 => c 2 = 8 
Q c 2 = a 2 + b 2 
8 = a 2 + 4 

a 2 =4 

2 2 

y__x_ = i 

4 4 


OikljJl £jkflJl j^a J-"" 4 Jpl j-a-Si (J jk jL^wa ^jlJL?sJ| J jk JliLaJl I kft ^3 

j 4_Jj ^ y> kULJl 0*i jl j*00iJl JjI jJI ^kaJU 

. (a/ 2") 4^a-3 Ch'j j'kLa (C) i£j£ J^jl 






SJjIjJI JS" J ji? J^r ^3 j^'j j - 4 J^" • 1 

a) 12x 2 -4y 2 =48 b) 16x 2 -9y = 144 : a^i 

■ «^WsU pj 3_J*^1 c/^b*Jl »UljJl ^kiJl 3Jil*^ c-sS”l .2 

. dJaij ajS" j^j x = ±3 3js- oLu—Jl J.p '- 4 J (i5, 0) OUiaiLJl L»J 6 Objj-J( . I 

aljjAt^ JjJaJLlJ XX>\X^-J ( 10 ) Jjil j^Jl J jJaj ®*^"J ( 12 ) ^JLJL^sJI 4jjAfc« J jJ? . w‘ 

• J-^*^ 3Jaij aj£" j 

oX^-j 2V2 (3^1 j^Jl J jJaj ObLfiJl j_pt» aUjjj J 3Jaij aj£" ._^- 

• (3) lSjL-h j- 4 ^' 

J 4_kii 0 J_S" ^i_Jl J__jIj_J| ^JsJjl t_jO J— *J ^>1 J— J s- . 3 

(j— H (J j— «-U 3ilLJI 3 — <»_-d5Jlj jjj_pwJl ^Js- alj_pt« (2\/2 0) , (— 2V2 0) 

. ( 4 ) <Ujj jj j^- 3Jaij 3j| 

4 J 2 JL) 4~0j t^jJl ^SaiJl fljjj <Ujjjj (6) fljjAta J jJ? Jilj ^Sai .4 

3 — L&j <u3j ^ jJl ^JaUl . (1 ,— 2.^/5 ) , (1, 2^5 ) j<s.lga;lLj j^jj 

, . 4 k i 1 a j^" ^ ^ jJl Jj| jJI 

aUjjjj (6yj2) sjjas^ J ji?j hx 2 — ky 2 = 90 4 u 2 •< a ^4 jjij . 5 

h , k J^> Ji" iuJ J^r 9x 2 + 16y 2 = 576 <ubbw ^JUl ^piU! ( *JaiJ! Ji^p, ^JLt OlaJa -0 

. 3JLJb>Jl Al JLc.*^l 3 s* y>s*u> ^J\ 

j^jjjJl j £- (U^lj »P-I 01 C-oOf' lil 5Jaij dj£ y> ^JJl JJIjJl ^kiJl 3Jibw .6 

. ^s- aijjAt® j y> ; jj ^wj 1)9 

X 2 — 3y 2 =12 <uJibw ^ JJl .^1 jJl ^JaiJl bjJj L>-fe flbjJj JJI ^J&aJl 3Jibcs . 7 

• 3Jaij ajS" _^_ = jJ? 

5 3 

: X 2 — 3y 2 =12 <uJibt 4 j 3Jaij ajS" ^ jJl JjIjJI ^SaiJl p( 6 , L ) 3jaJLJl . 8 

. P 4 U 3 • U J^jl * b 4 1 1 J Wall (_fl .,/> i . L~) . L 4^-j3 . I 

2 "2 

^kjjJl ^ | ^ — "| ^jAJbJl all ^gJjJj LoJfc aUjJj i^JJl JjI jJl all dJibta X^- .9 

9 25 . x 2 + 1 2 y = 0 yiS^Ji 



Chapter Three 


^p\ a ^ \\ anV) 


n 


TJ 


LJjJI ^J\ olS oLL: 


^kj^il oY-bdl 

a ^ •* 1 1 b Jjj 


Jj'i/I ^.a.v..;,,l I Jj^wX iJljU jul^JI jl~>l 

i^j k 2 ‘ I ^ • LI4JI 

s j^kjoj Jai^j O L' . -> . i I i ' ^ p t aL " 


a_Jl^II ^ ^ ^ I; 0L.I41II JajLJ 4 -Jlill a u v .7, 1 1 jLl>l 


aJIjJlJ LpJI Jaiz^Jll j, j 


.^yLaJI jl ^^Jlc oli^Jaj 


4 > uoLjJI 4 _sM_sJ! $1 1 

1 1 1 

y(n. _ d"y _ f (n) (x) 


dx n 


hf'(a), h = b-a 

9 .\ *> r ^ > jj-JiJlJI j > t 7 1 1 


[3-1] 

[3-2] 

[3-3] 

[3-4] 

[3-5] 

[3-6] 

[3-7] 

[3-8] 

[3-9] 





Applications of Differentiations cA a t Ar> 


r 


A 


OUl-Jsj 

V J 

iJbU . epwC L I lit j ‘ a . ^ 1 1 ^ ^a-wJ oJj : 

o > ^ ) I !■■■ ■ ■ » ?■ J i j I oJ !j I ij oJ I co i I o-c- I ^^Jlc ^ ^ U v:^ jtj 

u-**^f Lo»^w.*i I ^ L&i i t J ^ L w L w j ^ a 1 1 l«i& t ^ ^es^ U - w o-D , ^ u l<jjJ y 

Ju?UJdl oLu«> olLtaJaJj 


f A 

(Higher- Order Dedrivatives ) L-L*J I O IS oLii **Jt I [3-1] 
' y 

(First Derivative) ^J /i\ I^UlU* ob JliiA'tfi JsjjU aJb y = f (x) cols' bl 

30jJj»- 3Jb Jicj y' = — = f'(x) ^ 

dx 

UibJl laUdl Joi a-O-Or 3Jb LgJUi.a Ola UaJ JUUi*il isjj-i L$-a oyljj bl ala aJjjJ-l *JIjJIj 
Sajj^t ilb Uaj! 3^>*i! aJ la j y// _ d Y _ f "( x )>*. ^ j*jij ( Second Derivative > 

dx2 x^ai j 


ibJliJl -lUOI 1 ^j, b'.bv.i^ Ola (JUlCi^I -lejjM) l^-a O ji ! jj blj 

///_ d_y _ . uJ yu -j :( Third Derivative) 

dx 3 

OlirUlLj oIasJL U ala jlkj -UliJl liUll ^ I«.Jjj <LJLa« oULULa ib»sj| j^jC Ji j-ll 1-la 

: ^ol US' n lo^Ji a&uli ^So j( Higher Derivatives > LLJi 

-in 

.yry 11 Cy yW - 0 ” _ f (n) ( X ) 

dx n 



: ^i'L) US' j <LJUAI oUhJUl! ULUa U jjmJj 

f '(X), f "(X), f '"(X), f ( 4 ) (x)v • -,f (n) (x) 

y',y",y"',y ( 4 ) ,....,y (n) 

dy d 2 y d 3 y d 4 y d n y 
dx ' dx 2 ' dx 3 ' dx 4 ' ' dx n 


d 2 y _ d T dy 
dx 2 dx^dx. 


d 3 y_ d d 2 y 
dx 3 dx^dx 2 / 


01 LJ UL*Jl OUUll cA j j*j 



1 1 s5 U-ljl JU: S c~~>- s=f( t ) : Uj*^I 3JI jJI JiS-U 3JUdl oLUJUJU jUkS'j 

f"(t) a-ilill j J-! JU lCj !1 JJlC — - f '(Q^jVl iS-.iUi 

dt 2 dt 

. sJ ( Acceleration > v.j~ J! J jjw Joi 

H 3 <; 

J-j>sjcJ| j-JU JJUa 3 = f >t 3— *UL U-lj^AJ UJUl UUidl Lai 

dt 3 v ’ 

s 

jJ?Ui UiSjZJ La fljU. a J-al ji ^Uai ^3 OLa^l Ufji uU c i £ dULtjUJl iLUa'il j-aj 

. ( eJU J-w«j ja j ) J-a! jiJl oi jSCc( Deceleration ) 

ol ^~3LJ Jpycj AjjL^Jl J^-b US' jll ^ ^ JJl ,'tff all JJIj Ols .,<? a Li J}^U?I JjtAj 

. JjI jJl I 0 a <d Jpycj t^JJl ^U- .XajyC Ol 0 jjfej 

. Jjlfli'il OljLki < t S\j a! Jpycj La UaljjJ UJUl ULUdl 


Applications of Differentiations 


d 4 y 

dx 4 


y= cos 2x cjIS" bl 


— = -2 sin 2x 
dx 

■^-7 = -(2) 2 cos2x 
dx 2 



dx 3 


= 2 3 sin 2x 


d 4 y 4 0 

— f = 2 cos2x 
dx 4 


-1-Jlio 





y-^-^ + 3-^-7.— = 0 : 01 ^ y 2 +x 2 =l oL lit 

dx 3 dx- dx 

X jJaJl L» ’ w».vg li Ui — ^ ' oUsaII 


— 2— Jlia 






,dy. 

dx 

dy 


2y^ + 2x = 0 ^ 

dx 


x = 0 


dx 

d 2 y dy dy „ _ 

y — 7+— .— + 1 = 0 
dx dx dx 

d 2 y ^dy x2 „ 

/-rr + (^) + 1=0 
dx dx 

d 3 y d 2 y dy 




dx 


+ 


.— + 2 


dx - dx 


^dy ^ 

v dx y 


d 2 y 

dx 2 


+ 0 = 0 


y ~~~ + 3 ~~~ . — — — 0 


dx 


dx dx o jJJail I 







a ) y = V 2 -x,Vx < ^ 


. d 2 y 

" 7 T ^ • 1 
_ dx 

i 2 -x 

b> y = — — ,x^-2 

2 + x 


C) 2 xy- 4 y +5 = 0 ,y^ 0 ,x ^2 


r r (l) ^ .2 

a)f(x) = 4 V 6 - 2 x,Vx <3 b ) f ( x ) = sin 7 tx c)f(x) = ,x ^2 

2 -x 


x^ 


(2n + l)7i 


e Z,c*-^- d_y — 2y(l + y 2 ] Oi j Aj-i , y — tan x cots' lii . 3 

dx 2 v ’ 


y (4) _y+4cosx = 0 of y=x sin x cols' lii . 4 


Applications of Differentiations cA a t Aa'> 


Related Rates [3-2] 

v ' 

( ddl flAfe j -» J-S" Aa-J * *-A 3 d.ww’tJ j-a jdSl JLifj lij 

o jjs 4 _jwjJI o*i? Jjtll «j Ldls isldjl ^jA di'AaJl 01 c *~?" j fi L *-j ol^Jcdl J^" j^jJl 

OlS" lil *Adad t Jsii 4 _~ajJ' jl ^ 2 -J ji .1 LiL^-lj Akd) ji .1 4 -~ajJ] 0 *if Jjtll J 

y = g(t), x = f(t) 

t Lo^Oajtgj ^Jcdl Jsjj ^^aJ .1 j ^3 (, t ^JcdLj J2-5 la-g-w J 5 " jouLi ^ X,y 01 

OtAic OL^LJlj dx _ f^t) ^ — Q r (t) A^-fr ' - 4 J^" d "*-*- 4 *^4 01 j^jCj 

^ ^t Y' X dr 4 ^ j^O&s-^j^ 

^^ 1*3 t j-*A jji jJaJl j^JLj Ail^-I a Aa ^ J <Uil*£ L« <Ul~wa ^3 ^Jcdl ju J2J jJl jil^j dij 

: u^j x,y j,a j,s" j^ajJi JdjtU ib*ji j^jc x 2 +y 2 - 4 y+ 6 x =0 <Uii*li Jliil J~~>< 


— (x 2 + y 2 - 4 y+ 6 x) = — ( 0 ) 


dt 


dt 


_ dx _ dy . dy _ dx _ 
2x — + 2y— -4— + 6 — = 0 

dt dt dt dt 


dy y j^ajJl Ji^il : 0 

dt " 

dx 

— i^jLj X I 


: ,j 5 L<j I j I ^Jj La ^Lj ^ J J ^ aJzjJ jt I 0*^1 -L*l L J I y* ^ I J^- 

jj^ jJl UJ C*j 1 Ol^Juil oAJi C~s>i?d 01 ) AiL^woJJ LkJa^ta j*— ajl ( 1 

. Jlj-Jl J^- ^ A-^wJ jJl As^IaJI 

. ol sjs- ^y> JAAj ol^Juil jjj jd«-i ib*ji Jjl^- (2 

• t ( t jA jJ^ ) Li *-L w » w J L t ^j-w jm!mJ ' ^^wwkO i; 3 

. (3lA^0a*il JUU Jlj^Jl OL-kjta ijp j£. (4 

! OdJi ^0? JJ 4-JLJl 4Aia*ilj 




Applications of Differentiations cA a t Aa'> 


-l-jn. 


till 


2rn Lg.i>.Ljg J jJ? 2LU“... a ^ j W ,.i j^Ip s-lib s- jl^ Olj^- 

. t ^i *Jb£ OIjiM s.lil jp\J>^xj\ j. Ju J jjw 0.4m 3 / h 





•y = Ah 


V(t) jj> t OljiM ^ frill 

(OUaij l _ r Jd 3JLJI 3jLi*il) dv_ q ^ (u^j) 

dt ” ‘ ^ 

dh , 

al^ul o jlkilj n jjfe 01 jjM till ^Ujjl 

1*J y> &3JS - li ^I^W-r ... a ^ jW ... j^a i3-b frill 01 

A = aJ^-UJl 


V=(2)(2)h^> V=4h 
dv _ dh 
dt” dt 


. . . dh dh 

-0.4 = 4 — => — = -0.1 m / h 
dt dt 


O.lm/h oijjM ^ frill Jp liltjl j~*J JjjW 


-2 -Jli. 


Jjju: l^J^ sjlasj . 96cm 2 ^jImO l^S^-lw^a OAaII 2LU“... a 
. 8cm S- 0 jOsj b JjS- OJJlj l^O jt- ^ 01 a s ;ll J Jjw Jj>- t <bj|j l^^-l«wa ^L3 Q..?u _ CM1 / S 


X = J M b“ ... U J jjp yjj la dlai- dj| ^3 

y =Jsk*-4l 




J jJaJl j~*J Jjjta 


dx 

dt 


= 2cm / s 







Applications of Differentiations o\ a t Aa'> 



dy 

Jfi jaJI jJu Jjjw — j— =? 


A = xy 
96 = xy. 
y = 8 => x = 12 


— -(96) = ^-(xy) 

dt dt 

dy dx 
0 = x.— + y. — 

dt dt 

0 = 12 — + 8 ( 2 ) 

dt 

dy _ -16 _ -4 
> dt ~~ 12 ~~ 3 




cm/s 


sJa^xJUi dib ^ — cm/ s ^jasLuj jff jaJi 


l ■A-Jjf'l j-» 4 2 . w , 8cm 4i J jJ? iXL^ ~ 3 — JLl® 


I jjfe 1^3 j — *j oLaJLJl J Jjw J^l 3 6cm 3 / S ObjJJb X-LM IJj Iil3 

. lcm 




8cm 


/ 


/ 

r 


V 


_ < / 


/ 


I V 


dx c 

X=1 L«.ClP — O i-J jJJailj X = <da^- 5 jI ^3 XJjM bXo-««> Jp jAi> 

= JLjJL^-1 

V= ( 8+2x ) 3 -8 3 

— = 3(8 + 2x) I 2 (2)— -0 

dt dt 

: ^s- 3Ua*il j*_JiJl j£- Joj 

dx 

-6 = 3(8 H- (2)(1 )) 2 .2 — — 

dt 
dx 

— = -0.01icm/s 
dt 

0.01cm/ s = jlJLM dL-> oUaij Jjjw.'. 


7| 


) 





-4-JUu 

, ^ jJaJI 43 jJ?j 4.«Ai i i ^-U JjL»ii > i! 43 jJ? 10m 4 J ji? <+-L.o 

8m 4 aj JjL^I jJaJl 2m / S J4 a£ Jajl^-I iJjti-a JjL*>*il jJaJl jjJjji liis 

: 4 ^- JajL^-l 
. jl*Jl c 3 jJaJl c3*ijil Jjjw ( 1 
, «-LJl Jy 4 jjljJl j ~*2 "is- j^t (2 





dx 


: 5Jai- Li Jcs- Jo yu 


= 2 , X =Jajl^-l JjLjVI jJaJl Jaj 

dt e 

. y= j^jVl j£ ti jJaJl 4 aj 

( 4j jia3 ua - a j ) 0 = JejH\j a-LJI go 4jjljJl j*iLJ 

: ^s- jrfijjtf'liuS 4_u*j r »a jj j ; lg » ; 


x = 8 =>y = 6 


d , 2 2x d _ dx _ dy _ 

(x 2 + y 2 ) = — (1 00) => 2x — + 2y-^ = 0 

dt dt dt dt 


: ^Js- J-^4»tj iU jIaII jt-j iJl j£- JA J 


( 2 )( 8 )( 2 )+ ( 2 )( 6 )^ = 0 =s> ^ = -f 

dt dt 3 


m/s 


8 


m/s 


(£ jAaJI jJaJl J}*ijjl Jjjw 




Applications of Differentiations cA a t Aa'> 


2 ) 


sin0 = 


10 


d . 0 d y dO l dy 

dt dt 10 dt 10 dt 


x dO 
10 dt 


1 dy x 

. COSO = . . r, 

io dt io ^ 


dy -8 . „ _ Q „ 

: ^Js- —— = X— o 

dt 3 


— — =(—!(—) 

10 dt 10 3 

dO -1 . . 

■. — = — rad / s 

dt 3 


j*j>j <Lt 



j Jsi J jb j24cm <LfrUjjl 4— tiljj <Liil 

^ Jjjw 1 1cm 3 / s JJLJl U-Lj5cm 3 / s J*uc JJL- <ui 16cm 

-i o . 12crn JJLmJI jLo^- ' ^ ; a Oj^o tds^tUl JjLmJI 






dt 9 


dt 


. O j— Jjjta— t>_. .itfH Jj JU>= Jsjjjxil ^ JJLJl J ■Jj*- 4 


— = 5-1=4 cm 3 / s 
dt 


(1) i J> 


A 1 ,„~ 2 dh 
4 = -7t(12) 2 — 

9 dt 

dh 1 

— = — cm/s 

dt 47t 


-6 — Jlia 

JjjW j j^sj C~ w ^J y — 4x ^l£l! ^ s - j £ iikij M 

M 4 J 2 JLJJ -i?" c 0.2unit/s ( 7 , 0 ) 4 J 2 JLJI Lailscjl 

. X=4 L®i.Li^ 

MN 5iLJ.i jicJj N(7,0) jScJj M(X,y) jScJ ^ 


S = ^(x-7) 2 +(y-0) 2 => S = ^/x 2 -14x + 49 + y 2 
y 2 =4x ^jjaj jjcJLjj 


S = Vx 2 -10x + 49 


ds 


2x-10 


dx 


dt 2 a/x 2 -10x + 49 dt 


0.2 = 


8-10 dx 
10 dt 


dx , . . 

— = -lumt/s 

dt 




Applications of Differentiations ^\2cJ\ cA a t Aa'> 



< j $ jJaJi jJjj' iiii A^' ^ Aj u^j' A - ^ ^ A A* - • l 

jru djjljJl j^Li d j UiXlP jAaJI t»i jJaJi J*l)ta *1^*3 c 2m / S J*l*£ JajL^-l li^JCL-a 

• y j^A'j 

j v liXscL-a 1 .8m <d ji? t A 7.2m <d ji? p j^p . 2 

• A" A A JA J' J** i 30m / min 

^g^ajJl l)j£j La. .L lP M iiaJLJ! J j*t y=X 2 ^k^Jl A-^ ^ j^ipj SJaiij JVI j^pJ . 3 

a 

. JVI 2WS-H j-jLJ j^ajJl iS jV^o (0 — ) ‘UaipJl lailscj'i 

’2 

X j-apJ J*uil 1 *j^p A'j x 2 + y 2 + 4x — 8y = 1 08 lS ^pj A' ^ • 4 

. t ^jjj y (**■*• A J*^ai 

J*btC OiXpIaJI J A c j* AjJS’^ AM C^J flPl*jl 2LU-r.„ a ^ j W ^j| . 5 

OiXpUL!! J A *j 0.5cm / s jas Lpj <^lijjljc 0.3cm / s 

. 3cm j 4cm 



Rolles and Mean Value Theorems Z*JUIj Jjj LoJtsj^o [ 3 - 3 ] 


*ua oOjlscJl jdJ <L>_JiJlj Jjj j~« ^1 JuJl lea ^3 t_3 ytsj 01 J—3 

( £*vU?*l! ) : jcuAj-II 


[3-1] ^bjJLj 


: ol3 [ a,b] e&JUil a jaiJl l? JL & 3i yw 3Jb f cols' bl 
bl Jaiij bl C EE [a,b] co~?- C Jcs- ^\tc- iu_y3 j>U f( 1 
xE[a,b ]jsj f(c)> f (x) 

bl Jails j bl C ^ [ a, b ] c-^ C Clp ^yutf 5 j3-b f ( 2 
xG[a,b]j^i f(C)<f ( x) 


(3- 1 ) a * ^ 








^LAI dj£ji iS ji ■» la & >L<>_w iUldJl b&»L^£- j^-U a,b ^C- djLL^tll C 4J2JLJI 

(Ol~~Jl csjl ^1) Lai I aJlUJ ^LJl 
: JIJ~LJ 2jbr! ^ j^Li 01 j^jC OVIj 

? f (c) = 0 OjSo 01 J^i C E (a, b) c Jcs- tj jm L-i jt L-i f dJlaJU 0 L 131 

: ^1 jLil oAJl Jlj-Jl JL Lbr'AJ j 


y 



f:[-1,1]->R,f(x)=x| 

Oli flLiil J^JiJl ^ LS'j 
X — 1 c X— 1 -L^£- -La-w ^ b e.1 ^^j.Lc f dJliiJl 

X = 0 >E£- >L<>-0 oJ-Lcj 

X = 0 J-X (jjUL0*AJ ALU f 5Jl jJl 01 <UbLJl dL-iIji j*0aj LOlj 

. 3 Syry jJ. f'(0) 0lt5l 

f ^C) = 0 0^„ 01 JsyLj • • 


[3-2]^^ 


bi ( Critical Number) a op <uL c ^o*Jl jp JUj . c i*uJl jlp aiyw f aJijJi jicJ 

4^r ji-l oLiOO ( c, f (c) ) AkaJl ^g-o-Lj C ^ (jjlLO'AJ SJLVi jJ- aJlJJl 01 jl f '(c) = 0 Olf 


f : [—1 , 1 ] — > R e f (x) = 


x 


: JjLJI JLil ^ai 


f (0) 01 j l jSUfi JjS- 4i jJtfl SJljJl 01 J^^Aj 
kr jjM oLUl (0, f (0)) AkiJl Olj f AJIjJJ ~ ^1 i*uJl ja “jjL?” i*uJl 01 JUL IJL! 





Applications of Differentiations 


(r 


Rolle’s Theorem J jj 2 La^« 


^ rfJliXL! ji>- Uaii J»iC Jaij 2U ... .& 2jjt j~a ( Jjj JJLu ) ^pj JJL! : Jjj 

. j-J>i 0 jj6 3lL*Al 3 yujJl 


y= f(x) 


f(a)' 


f' = o 
**' = (), 


f' = 0 


Cj c 2 C 3 b 


Wb) 


4 (3-2) 


: f JUlJd! CJIT lit 

[ a,b ] iiUil 3 ydJl ^ 3 j^-w« ( 1 
(a,b) &■ jail I 3 ^aiJl ^3 <j}laaJi*vU Ujli (2 

f (b)=f(a>(3 


f '(c) = 0 : <a,b) J\ LS ^UJ c 3J^!j iuJ JiVl ^ <ULs 


; C ? 4-JlaJl JljJ! (Jjj 4 jjs j~® t)l Jjs ijpj 


a>f(X) =(2-x> 2 , x G [0,4] 

b>f(X)=9x+3x 2 -x 3 , x G [-1,1 ] 


C)f(X)= 


x 2 + 

1 


1 


, X G [-1,2] 

, x £ [-4,-1 ) 


d> f(X)=k 


x e [a,b] 


a>f ( X) =(2-x> 2 , x g [0,4] 

. i j J jM ij-jS Ug-jSf [ 0,4 ] &U11 3 ydJl ^JS’ 3 y>s~. w« 3JI jJl : Jj*^l J? jJiJl 
. ijJjM S^-aS' IgjV (0,4) ib- _pUl 3 jaiJl ^Js- (iUaJiHJ SJLli : ^liil J? jJiJl 
f(0)=(2-0) 2 =4 : dJliil Jf jJJl 

f(4)=(2-4) 2 =4 => f ( 0)=f(4) 

. (Jjj *LiA j^a J jiL tf - 3lkxil 3 . . 







Applications of Differentiations cA a t Aa'> 


f'(x) = -2(2-x) 
f'(c) = -2(2-c) 
f '(c) = 0 => -2(2 - c) = 0 
c = 2 e (0,4) 

b>f(x)=9x+3x 2 -x 3 , xe [-1,1] 


c ) f (x) = * 


y-' 


. ijJjM LgjV [ — 1,1 ] iiUil a ^^JLc- a iUlJJl : b j-iJl 

. ijJjM a^oS" IgiV (-1»1 ) 3 SJLli b 

f(-1)=-9+3+1=-5 
f (1 )=9+3-1 =1 1 => f(-l)* f(l) 

. cJliil b jJJl 0*i Jjj <UA 

x 2 +l xg [-1,2] 


-1 X G [-4,-]) 


lim (x 2 +1) = 2 = L, 

x 1) + 

lim (— 1) = —1 = L, 

X-»(-l)“ 


[-4,2] = aJUJ1Jl*-a 




: b j-iJl 


[-4,2] a ydJl ^ Lj ^ L 2 oV 3 c~~J 

Jjj 4 ^Aj ~4 V . . 


d) f(X)=k , x e [a,b] 




<a,b, 


,20jL> 5Jb Lgi*^ [a,b] ^gJLc- a b j-iJl 
. (a,b) a ^gJLc- Ujli aJIjJI : b 

f(a> = f(b)=k : cJbi! 

sJ 01 C 01 J • 2jj 4jJb JiJLS-- dj| jJl . . 






a ~ 1 1 4_<j i c I! 4Ju&^_o(3~3) 


(a,b) 2b- _pUl a ydJl l? JL fr (iltuiHJ Ujlij [a,b] 2LUbAl a ydJl a 5Jb f cJlT lil 

f ^ (^)~ ^ ( a ) ( a >b) l _ r o^< C 2u^ JiVl JLstjj ‘ b'i 

V ^ b-a 

f(b)- f(a)= f (c)(b-a) j' 


: iUa~«> yl\ Ajjt jA ^JbJl UUi*[\j 

AB y jJ' tbj'jj j*»UAI 



r(c) f(b)-f(a) 

LoJfc'A—a I JJ OLtjl j^a jJ jJlj j^iLoJkl 


b-a 


I 




Applications of Differentiations o\ a t Aa'> 




cJIj is j-i jil jj Jjj <ua 5J2^i _^ dl iu-JiJl <ua j ~ j > jj > 3^13- 3ib- ^a Jjj 3 jjs 01 

f(a)=f(b) :yb 

OOjljj j-iLoAIj jj jJl 01 

f (c) = 0 : ^s. 0= J-Ol \ JJ 0= obUaJl Jji 


: C *_0 Js^ii jJk! <L4_JJl <ua j~a Jpjjjj jjL£ ajVI JljJJt 01 jJSjj 


-3 -JUl. 


a) f ( x) = x 2 -6x + 4 xg [-1,7] 

b) f (x) = V25-x 2 XE [-4,0] 




a)f (x) = x 2 -6x + 4 , xg [ f7] 

. 5 [ 1 ,7 ] 5 5 3ildJl ; jjJLstsj JjSM is jOJl 

. ijjJ-l Sib Igj*^ (-1 ,7)3 yJJl ^JU. SJLli SilJil : ja^j is jJJl 

f'(x) = 2x-6=> f '(c) = 2c — 6 


f(b)-f(a) f (7)- f (-1) 11-11 


A^ S** 


b-a 


7 + 1 


8 


= 0 


A^' J^- 4 = u- 0 '-^' A* 

0 = 2c-6=>c = 3 


(-U) 







b)f (x) = V25 - x 2 . » xE [- 4 , 0 ] 

[—5,5] 25 — x 2 > 0 J-^ - = f 

LftJju I =(—4,0) ^ c~jj : [~ 4,0] ^3 f (1 ) 

• A 

sii-ili JLsvj^a 01 f(a) = %/25-a 2 e R «=aEl jil 


■Hr4 


-5 -4 a 6 5 


limf(x) = liiW25-x 2 = ^25 -a 2 => f(a) = limf(x) 

x— >a x— >a x— >a 

lim f(x)= lim ^25-x 2 =V25-16 = 3= f(-4) C 4 - 0 )^ 4 ^— 


x— >-4 


x— >-4 


lim f(x)= lim V25-X 2 = V25-0 = 5= f(0) 


x— >0 


x— >0 


f'(x) = 


[ — 4, 0] iuJUil S^iJl 0 f <= [—4,0] I j^e]\ ^ Jjp 

-X 


425- 


X' 


51 Lgj*^ (-4,0) 3 ^ Ujli f <= (—5.5) =f ' jUtj> : SULli (2) 

f <UbJL« ^j3 L-LS" 

r( x )= ~ x =»r(c)= ~ c <3) 


V25-X 2 V25-C 2 

f (b) — f (a) f (0) — f (— 4) 5-3 1 


b-a 


0 + 4 


1 -c 


4 2 


+A A* 


+ A A* = J-'UII J~4 




Applications of Differentiations o\ a t Aa'> 



f :[0,b] — > R 4 f (x) = x 3 -4x 2 cols' lit 


-4 -JUl. 


b 4»ow«3 C — — 4 ^ ■ -< •Co.jjjJl AjJb JiJLs-- f w^jli j 




f '(x) = 3x 2 - 8x => f '(c) = 3c 2 - 8c => f' 




V ^ 


4 16 


3 3 


= —4 j-oUIl J~» 


f(b)-f(a) _ f (b)— f(0) _ b 3 -4b 2 -0 _ fa2 4fa 

b-a b-0 b 

yjl' J^- a = cr > '-^' Js-» 

b 2 - 4b = -4 => b 2 - 4b+4 = 0 =>(b-2) 2 = 0 => b = 2 



! j_Ju <? jJl .,igj j 5 j~*~p h 2JUM 3 Jjs ^3 0 LilS" Ly 3 b >1 y3\ Oj^j LaJj^Pj 
X— 3 dJajLJl jj > 1*1^- <Lj ji <Uaij L*>U 0 C .Olp 01 i^l a. 01 i*j yi 

f (a + h) ~ f (a)+ hf '(a) : j^-^clicSj 



. ^ijju ^jidi hf (a) jijjuJ jisj 



o 

4 J 2 — o jjdl 4^JJ| bjs j~a jJ-cuoIj 










JsJii iSa^ jdkl 4 -o.JLII *La j~a yj jjuJl ^jjLc j .,ig -* a > c3 — ; <Ua^-^»a 


26 Lj ; j i3 <Ufi~a Jill 4-a-JiJ! *UAj~a Jj>- 


y= f(x) = 7x... ijijji x>0 


^ JJ - 1 


h = b-a =JL 
f (a) = f (25) = 725 =5 


f'(x) = 



f'(a) = — = 0.1 
10 


( 26 y> O jS\ ) 3. = 25 Jfi jSL) 


b = 26 

3. = 25. . . -L-j-yL' 1 

h= l=b - a 


f(b) a f(a) + (b-a)f'(a) 

I 7 

f(a + h) = f(a)+hf'(a) 


: dJJt-ylJl ^4J 


726= f (25 + 1) = f (25) + (l)xf'(25) 





Applications of Differentiations o\ a t Aa'> 


2L-J f (x) = X 3 +3X 2 +4X + 5 OlT 131 


-6 

f (1.001) 


f(l) = 1 + 3 + 4 + 5 = 13 
f'(x) = 3x 2 +6x + 4 
f'(l) = 3 + 6 + 4 = 13 
f(a + h); f(a)+hf'(a) 

fd.001) = f (l) + (0.00l)f'(l) 
= 13 + (0.001)(13) 

= 13.013 




b =1.001 
a= 1 


h= b-a =0.001 


<L-jj ji j 9.98cm <*i J jJ? 

. ^ la ■' js . ii <L4 _j3JI 

( X ) <ti jj>- J jJ? jJl (*-«■ V 

b = 9.98 
a = 10 



h = b-a = -0.02 


-7 — Jlia 






Jl ^Js- 0 j 2UlJdl 01 csl 


xg [9.98,10] 

v(l0) = 10 3 = 1000 

v'(x) = 3x 2 => v'(l0) = 3(10) 2 = 300 

v(9.98) = 1000 + (-0.02)(300) = 994 cm 3 









jjuJi ji jJLa ui 8.06 8 js xo j~k j bli f (x) = "s/x 2 

? SJIjJU 


— 8 — Jlia 


b =8.06 
a= 8= 2 3 


h= b-a =0.06 


f :[8, 8.06 ]— > R , f ( x ) = Vx ^ : sJ'jJi 



f '(a) = f '(8) = -4= = - = 0.333 
3^/8 3 


hf'(8) = (0.06) - 


0.02 


j^r j! 0.15cm fr^UaJ! d\S bli 10cm ajkLp J jb 

. 4J2 0 jJkl tU-jAJi 4 JJ& j~a <L«J jJLi Ojj^a J 


-9 -Jlia 






b =10.3 
a= 10 


h=b-a = 0.3 


v(x) = X 3 
v'(x) = 3x 2 

v'(a) = v'(lO) = (3)(l0) 2 = 300 

hv'(lO) = (0.3)(300) = 90cm 3 i~t yu j *HkJi 







Applications of Differentiations 


y> b jiLaj <U_jj Jj Cj j^ojj J 4is_~> 4 jj& j_»a ^I.Xjt^>b 


10 Jbu 


a) ^/(0.98) 3 +(0.98) 4 + 3 

c)VT7 + Vi7 


b)%/A8 

d)Vo?l2 


<b jmS- 


a) ^/(0.98) 3 +(0.98)' 


+ 3 




3 — 

f'(x) = -x 5 +4x 3 
5 


f(x) = x 5 +x“+3 


: 4JuJdl 


f(a)= f (1) = 1 5 +1 4 +3 = 5 


: aJljJU 




( 3^\ 


-2 


f'(a)=f'(l)= 7 (1) +(4)(1) =4.6 
V j y 


: dJbbuIb ( jjaj j*j 


0 jjUiJb Ja . j jaj 


f(a + h)s f(a)+hf'(a) 
f (0.98)= f(l)+(-0.02).f'(l) 
f (0.98) = 5 + (-0.02). (4.6) 
f (0.98) = 5 - 0.092 = 4.908 

.-. ^/(0.98) 3 + (0.98) 4 + 3 = 4.908 


b - 0.98 
a= 1 


h= b-a = -0.02 







b ) ^8 



f'(x) = 


f(x) = Vx : 3 JIjJI 

1 


f(a)= f(8) = # = 2 

,,(,) - r<8) -+-;r a083 

f (a + h) = f (a)+hf'(a) 

f (7.8)= f(8) + (-0.2)f'(8) = 2-(0.2)(0.083) 
= 2-0.0166 = 1.9834 
iflU =- 1.9834 


: jpl> 


: iuhJLllj jsu 


: 0 jiUiJLi Jo . j 


c) vry+vry 




i i 


f(x) = x 2 +x 4 


1 - 1 - 3 

f / (x) = — X 2 H X 4 

w 2 4 


f (16) = (2 4 ) 2 +(2 4 ) 4 =4 + 2 = 6 





: 2UUSL 




: jAii 


l 4\ _ “ 1 / 4 \ — “ 1 / t\ 1 / :> \ 


2 

'TV 

(2 ) 2 +- 2 4 ) 4 =- 2“ 2 ) + - 2 “ 3 ) = 0.5 


+ 0.25 


V / 4 V/ 2^ 4' 

v 2 . 


. 2 , 






Applications of Differentiations 


f'(16) =(0.5)(0.5) 2 + (0.25)(0.5) 3 =(0.5)(0.25)+(0.25)(0.125) 

= 0.125+0.031=0.156 

f (a + h) = f (a)+ hf'(a) 

f(l7)=f(l6) + (l)f'(16) 
f (17) = 6 + (1)(0.156) 

.*. VT7+VT7 = 6.i56 


d ) V012 





f (x) = x 3 SJUJI 




f (0.1 25) =((0.5) J p = 0.5 






f'(0.125)=^[(0.5) 3 


3 _ 


1 f 1 V 2 1 / \ 2 4 


3 


-I =— (2) = — = 1.333 
2 3 W 3 


dJuJulL; joj jju 


f (a+h) = f (a) + h.f'(a) 

f(0.12) = f (0.125) + (-0.005). (1.333) 

f (0.1 2) = 0.5 -0.006665 

f (0.1 2) = 0.493335 

.-. V042 = 0.493335 


: ^s- 0 jjLaJL) Joj 


b =0.120 
a= 0.125 


h= b-a = -0.005 








a) f(x) = x 3 -9x ,x< 

b) f (x) = 2x + — ,x< 

X 

c) f(x) = (x-3) 2 , X ( 


a)V63 + ^63 
1 


r -I : ^ ^ Jjj ^j-r 4 1 ^' c W* JjtjI • 1 

3, 3J 

I* 

[-U] 

: jJJ 4-0-JiJ! <UA j^a \J JJsJ Lj jJj . 2 

b)(l.04) 3 + 3(l.04) 4 


c) 


3/9 


d)- 


e), 


101 ^2 

iu_j jkj Ojj^oj ^UaJl -L?- O.lcm oCw $.*vUsj C-Jlk 6cm La jJsJ S> .,ig t 5 ^ . 3 

. 4 W . .i j-rll tba-^JiJ 1 <LiA j~a 4^twU 

. 4 w .1 4^bwj 4 ~j jjij Ojj^gj L& jJai -i^ -L>" i 84 ti cm ' 4 ?"*• 3 • 4 

2.98cm ^jL^o ois" !i\i jJa3 J ji? ^jl~o <_£ jib Jsjj^ta . 5 

. jl dJs^t! Jill tUt-yiJl <U_jJ jA J Ojj^OJ 

'. C *L^_«3 »L?" /*_) ' g ■ a S-ljl 5U2 a 1I 5 jJUlJl (Jjj <LU& j~a Jjji^ ^a <Uli 0! ^jU • 6 

a) f (x) = (x-l ) 4 ,[-1,3] 

b) h(x) = x 3 -x, r[— 1 #l] 

c) g(x) = x 2 -3x 'I -1 ' 4 ] 

d) f(x) = cos 2 x + 2 cosx , [ 0 , 2 ji] 

CJuL tf - jjj tw^wJl Si < ua lAs-ljl olkxll 5 jJLflJl 4_JbJl JljjJJ 4ja~4 jS\ 4.^- JLl 1 j m ; k“ 4_jL^a| . 7 

. 40\^aJkl C c <uj& 


a) f(x) = x -x-1 

b) h(x) = x 2 -4x + 5 

c) g(x) = ^- 

d) B (x) = ^/(x + l) 2 


.[- 1 . 2 ] 

,[-1,5] 

.[-1.2] 


,[-2,7] 


Applications of Differentiations o\ a t Aa'> 


( ^ 
IfcJLl I aJ I jJL) julj^JI jL^>I [3-4] 

V 1 1 J 

The First Derivative Test For Increasing And Decreasing of a Function 





CJlS" lils (a, b) 3 _^iJl ^ Ujlij [a, b] iLaJUll 3 ydJl ^ 3 f jScJ 

1 ■ f / (x) > 0, Vx g (a, b) => f 
2- f '(x) < 0,Vx g ( a,b) => f 

. *Ua- jll o jjs l^J ij i«3 <Lij Ui 


1 Increasing ^ 


oOjI 


r* 




\ 

( Decreasing ^ 


V 


A . ft M a 


7 


^oiLuJlj JjIpJl J^r . y == f (x) = X 2 


y= f ( X ) = X 2 => y' = 2x 

y' = 0 => X = 0 


-1 -Jli. 





= 2x 3 jLc.1 


Q f '(x) > 0, Vx > 0 
{x : x > 0} 

Q f '(x) < 0, Vx < 0 
{x:x<0} 





Applications of Differentiations cA a t Aa'> 


: jJl jj* JjI j^JI jjJ^Ljs x?- 


—2 — Jlia 


a, f (x) = 9x+3x 2 -x 3 b)f(x) = >/x r 

a ) f (x) = 9x+3x 2 -x 3 => f'(x) = 9+6x-3x 2 

0 = 9+6x-3x 2 
0 = -3(x 2 -2x-3) 

0= (x-3)(x+l) ^ x = 3, x =— 1 



{x : x < — 1 } / {x : x > 3} ^ 

( — 1,3) ^ f 





* js - x = 0 l £\ , x = 0 cJlT bt f'(x) 


y = x 3 1 



f '(x) SjlAI 


- X 


O 


{x:x>0} 

{x:x<0} 







Applications of Differentiations o\ a t Ar> 


L> o,fe«)l 4 jL^jJI [3—5] 


iuaiL^jc f':(x )>0 oV ( a / c ) a^iJl JLt y= f (x) SJIjJI 01 elbt JiLiJ! ^3 Ja*-V 

. (d,b> ^ jJjsj ^ f'(x )<0 (c,d) 

x=c , x=d j* js f ' = 0 o! ur 

•L-lji I ^ fe • !l 4J.UJI f ( C ] Ojj 4_J^’wa ^ Ja £ AjL^j A Ja fl 1 ( C/ f ( C ] ] ^ W a i ^4.^0 

^ f(d) oij 2 LJUj> ^aij (d, f (d)) ^j| (Local Maximum) 

(Local Minimum) aJbi! & yud! LlgJl 



<b- J . ’ jiil 


=C Jcs- Ujlij [a, b] a ydl ^JLc- a 3Jb f jisd 

: cols' bb (a,b) 


+ + + + + + c 



f ? (x) SjlAI 


1 ) f '(x) < 0 ; Vx e (c,b) 
f'(x) > 0 ; Vx e(a,c) 

^ ^ <L)l^j f (c) ob 


2 ) f ' (x) > 0 ; Vx e (c, b) a 
f'(x) < 0 ; Vx e(a,c) ^ *” 
f'( C ) = 0 


-|- S^f ? (x) Sjlil 


Lgj f(c) 0 l 3 



Applications of Differentiations ^AiA\ cA a t Aa'> 


(, — 

ids—v'' jj f 4 J\ JJU ^ k*" 4-o- JiJ' j-wjkj 

: oi jW-i ^ f aJ'jjlj j j*ai u-..m 

v 1 - 



h>r ji-l ilJi^l aJLA Jb-t Jjfc X = x i j * f '(x) = 0 ibUil oJUij aUi^l Jbi • 

Vx < X 1 5-^* f (x) SjLil colS" lili X — X 1 j f / (x) j-~Jzj # 

Vx > X 1 5JL.J 

4jL^j 4 k a 1 (xi , f (x 1 s igfliH oi ij-gi 

Vx<x 1 aJL. f'(x) SjLii cols' lit ui 
Vx > x 1 S-*- 

4_-L?t3 j*~P 4jL^j 4JfiJ3j (Xi,f ^ X^ ^ 01 llgi 
djLgj <Ul-QJ O^Sd ^li X 1 -1 *jj J— 5 ^ (x) SjLOl COlS" lil Ul 



. JjUL^'iU itbLaJl (Jlj jJl ^J_p b-L>tj ^ j ■>*" a •■ ■- * 


12 



Applications of Differentiations o\ a t Aa'> 


01 C~JLt lil 4Jb>- lU'.UJ I j JsJD 

a) f (x) = 1 +(x-2) 2 

b) f ( x ) = 1 -(x-2) 2 

c) f (x) = x 3 - 9 x 2 + 24 x 



{x : x > 2} 

. djLgj diaij JOj: ( 2 ,l) = ( 2 , f ( 2 )) 4J2JLJI • • 

b)f (x) = I - (x-2) 2 
=> f '(x) = -2 (x-2) 


f'(x) = 0=>x = 2 
f(2) = 1 — (2 — 2) 2 = 1 


+ + + + + + 2 



f ? (x) Sjlil 





{x : x < 2} ^3 ojuIj^o f 
{x : x > 2} f 

Lr oJaf’ 4jtgJ ^Lkij Jii (2,l) ^LLaJl •’• 


c) f (x) = x 3 - 9x 2 + 24x 
=> f '(x) = 3x 2 - 18x + 24 


f'(x) = 0 

=> 3(x 2 -6x + 8) = 0 
=>3(x-4)(x-2) = 0 
=> x = 4 , x = 2 

f (4) = 16 , f (2) = 20 


2 

++++++ 


4 

++++++ 



f '(x) Sjlil 


y 


{x:x<2} {x :x > 4}^3jj!^p.f 



(2 ,4) h * jaiil 5 ^3 f 


(2,20) 2 ,.1^1 2W2; 

( 4 16 ^ j * 'f* '' ^ j' ^ tdsjij 


Applications of Differentiations o\ a t Aa'> 


r 

L 


Jajjj oL-^-dl jjcij’ 


[ 3 - 6 ] 




[ 3 - 4 ] ljLjj-iu 


CJlS'bl 4 j^« IgjL f XJIjJI j£- Jla-i (a,b ) X*- a ^ li'JLL.i'iJ XJUli 3Jb f cJb" lit 

. S^XjjJl dXIj aJjlj^a f'cJlS" bl 3 jJtiLa S^saSI dllj J^l3- *U&3Lu,a f / 




^ 4jLoL? ^-o jt (3 ( Concave up > ( a,b > y>Ju> L5 ^di 

( a,b> 



ciL-li cJ- £oj iS ^l\ <=> ( Concave down ) ( a, b > j 

( A)t( B )^Ji5LiJi ( a >b) 


( 3 - 4 ) 4 > 






R 









a) f (x) = x 2 

b) f (x) = x 3 

a) f(x) = x 2 
f'(x)=2x 

f"W = 2 

f"(x) > 0,Vx e R => 


b) f (x) = x 3 


f'(x) = 3x 2 

f "(x) = 6x 
f"(x) = 0 => 6x = 0 

x = 0 
f(0) = 0 


: jJl j *ij 


-1 -Jli. 





0 


++++++ 

► f *(x) 


{x:X<0}^ f {x: X>0} 1 _ 5 3 a j*JLa f 


. j*Ju> {x: X>0} ^3 J {x: X< 0} o! Ja^ (b ) Jlill life 

. y>ju> ^g^sjdl (0, f (0)) = (0, 0) iki-Jl J»J i^\ 

( Point of Inflection ) *kaj 5JaiJI «Ju» 




Applications of Differentiations cA a t Aa'> 



[ 3 - 5 ] <—ajjs3 




f' = f" = 0 


Y 


is 


x 


f(x) = 2x -3x -12x + 1 : UWi\ J^r —2 — 




f (x) = 2x 3 - 3x 2 — 1 2x + 1 
f'(x) = 6x 2 - 6x-12 


f'(x) = 12x-6 
f # (x) = 0 

12x-6 = 0=»x = 

ub=~ 

2 2 




1 


2 ++++++ 

I ► f *(x) Sjl&l 




1 


1 1 1 

. t iUali (_ ) ikJLJl 

" 2 ' 2 


X = — j'^rA f*(x) 3jLi! 0 *il 
2 

l^r y> f (x) O j — jjjC 
2* 

1 

t (x) ^ ^ 
2 






: 2-JLJl JljJJJ 01 Jaijj j*3b}\j J-?- 


-3 -Jli. 


a) f(x) = 4x 3 -x 4 

b) f(x)= x+ — ,x^0 

X 

c) h(x) = 4-(x+2) 4 

d) f(x) = 3-2x-x 2 

e) f(x) = x 4 + 3x 2 -3 


a)f(x) = 4x 3 -x 4 

f'(x) = 12x 2 -4x 3 
f"(x) = 24x-12x 2 


f'(x) = 0 
0 = 12x(2-x) => 

x = 0 » x = 2 
f(0)=0 , f (2) = 16 

(0,0) , (2,16) 

4j 






_0 

-I- 



++++++ 


I 


f'(x) 


ji 




{ X: X <0} J { X: X >2} f 

( 0,2 ) : jail I 3 yiaJl ^3 3 yJm f 


(0,0) ,(2,16) : Ua bkaj 


< 




Applications of Differentiations ^\2cJ\ o\ a t Aa'> 


b) f(x) = 


XH ,X^0 

X 




nx)=i-A 

X 



» f'(0) 

0 + + + + + + 

-O »f "(X) SjUil 

U>bu j^JLa 

{ X:X<0} ^ f 

{X:X>0}^ :iy^i 

. dJljJl Jb*ti 0 o*Aijl <Lkij 


c> h(x) = 4-(x + 2) 

h'(x) = -4(x+2) 3 
h'(x) = -12(x+2) 2 
h"(x) = 0 => 

0 = -12(x+2) 2 => x = -2 

(- 2 , 4 ) jjs - < u ' 



j AJaJij SJljJJ J | ^Jl 


-2 

I ► h"(x) ajUj 

4 j 

{ X: x >-2} j { X: x<-2} 

l^g-r 5J1 jJI OV X= -2 jlp iikjLj JLsr 





d)f(x) = 3-2x-x 2 


f '(x) =-2-2x 

r(x)=-2< o 


. jl dUa'i Jjr I jj R 4j £ • * 


e> f (x) = x 4 +3x 2 -3 


f '(x) = 4x 3 +6x => f*(x) = 12x 2 +6>0 < X e R 




idaij I JJ . R ^3 5 jjtiLa f 5Jl jJl 


r ^ 

5 JUJU 0 -Jg-jJI oLl^JI JaJL) Ulill I jLjSI [ 3 - 7 ] 
1_ I 1 ) 


f^X) — 0 ‘ 2WS-U 1 jjj^l l-c- f SjLil _^Ju <LjL£" *^Jj 

•uL»_i j\ ijic- -uL»_j dJaij Jjlc 5^- j^-l dJaiLJl cJlS" lij U-J jjJLJ ^JbJl Ljliv^b <Uli 

: ^b U^j <LJliJl <UhJbU ^>1 diiij • ‘L-U *- 4 <£ 

. X=C JL£ dJL>o> Lr Ja^ 2bl^j iLULc f 013 f # (c) < 0 Ojj f '(c) = 0 01T 131 ( 1 ) 
. X=C Jcj. lJc^> iS y^p ^Ubi f Ola f'(c)>0 0}j f'(c) = 0 0lS'lil(2) 
dJbJbll il*jj ) I jjs ^oj> di yu> j*£- f *(c) J I f *(c) = 0 bi-blS" lil ( 3 ) 




Applications of Differentiations o\ a t Aa'> 


: iLftl Jl jjJO U£\ oblgJl JUr t jSCol 01 iLiUdl jLsj-l ^ 


-1 -JUo 


a ) f (x) = 6x-3x 2 -1 c ) f(x) = x 3 -3x 2 -9x 

4 

b> f (x) = x — 7 ,x^0 d> f(x) = 4-(x + l) 4 

X" 

a ) f (xj = 6x-3x 2 -1 

f '(x) = 6-6x 
f / (x) = 0 


0 = 6-6x => x = l 

f'(x) = -6=> r(l)=-6<0 

X=1*U£ ^-oJg-c- blgj Jj?- jj lil . f ^(1) <0 j f ^l) = 0 : O' tc 
f (l) = 6 — 3 — 1 = 2 •'• 



f »= 1+ 7 

f'(x) = 0 


0 = 1+—: => x 3 + 8 = 0 
x 3 

f'(x) = 1-t — j 

X 


x^O 


=> x = -2 





X=-2 dWa ; II -L-C- .Urjj <= ' f * 2 j <0 J f ' 2^ = 0 • ' J ? 

f (— 2) = — 2 — 1 = — 3 : ^ SJ^I kl+JI •'• 

c> f (x) = x 3 -3x 2 -9x 

f '(x) = 3x 2 -6x-9 
f'(x) = 0 

0 = 3(x 2 -2x-3)»0 = 3(x-3)(x+l) 

— ^ X 3 jl X 1 

f *(x) = 6x-6 

=> f"(3) = 18-6 = 12>0 Oli x = 3 


f (3) = 27 -27 -27 = -27 ^M^- 4 Sj*~p ^ry 

=> f "(— l) = —6 — 6 = —12 < 0 oli x= -1 u*L£j 

f(— 1 ) = 5 (,,5^ ^ .» AjL^j • • 

d > f (x) =4-(x + 1) 4 
f'(x) = -4(x + l) 3 
f'(x) = 0 

0 = -4(x+l) 3 => x = -l 
f"(x)=-12(x+l) 2 

' ' X=— 1 jlj^U I OjLil jJu i <UL jiaJl 0 jj6 


++++++ 


^Lj 


f'(x) 5jUI 


Applications of Differentiations o\ a t Aa'> 



f (-1 ) = 4 - (-1 + 1 ) 2 = 4 


{x: X<- 1 } ^3 f d\ Uj 

{x: X>- 1 } 

: ^ kc. djL^j jj 


f(x) = x 2 +-,x^0>aGR 2 " 

x 


k c. AjL^j 1 0! jj jj t X ^ iXX ^)%Aj\ a k a i <UldJl 0! 3 -U*_w J^l3 

. iL-bsta 


f(x)=x 2 +-^ f'(x) = 2x-4 =>f'(x) = 2 

X x 

f"( 1 ) = 2 + -^L = 0 

0) 

=> 2 + 2a = 0 => a = -1 
V f(x) = x 2 -- 


2a 


x 


f'(x) = 2x 


X' 


f'(x) = 0=>2x +- t =0 


X' 


=> 2x 3 =-l => x 3 = — 




=> X = -„ 3 H 

f"(x) = 2-^-=> f'(x)=2 2 


x 


f // (x) = 6>0 , Vx g R 



o. la A *L)L*-i f * * 





^ Ja ^ -LiL«_i y X + 3X “h bx 3J| jJl Oj^j bj3. ^jcjUJl ^jS- 

. SJaiij J-?- j*J x = 2 *^~ c ' “M^ 5 " 4 c£ <Ul^-ij t X — — 1 "'~ £- “M^ 5 " 4 


y = x 3 + ax 2 + bx 

=> — = 3x 2 +2axH-b 
dx 

,.* =0 
dx 


-3 -Jli. 

— - 

-1 J~£- 




X = — 1 LJb*^ ^ -olzz 4jtgj *JIjJU 01 Lc 


0= 3(-l) 2 + 2a(-l) + b=> 0 = 3-2a + b-(l) 


X = 


jO 4jL^J iUljJJ 01 Ur 


dy 

.*. — =0 
dx 

0= 3(2) 2 +2a(2) + b=>0 = 12 + 4a + b.:...(2) 


a = — , b = -6 
2 


: 01 >Xjj- LoT ( 2 ) j ( 1 ) ^jcJiUU,! Jjtjj 


.'. y = x 3 — x 2 - 6x 
2 

=^> — = 3x 2 - 3x- 6 
dx 


d 2 y_ 


dx 2 


= 6x-3 


d 2 y 

dx 2 


= 0=>6x — 3 — 0 




1 


2 ++++++ 

l— ►r(x)5 J ^i 


=> x = 


, f( i ) = z26 = d3 

284 


1 

> ^g 3 < 

1 

< x : x < — 

x : x > — 

2 


2. 




Hkiij 


V 


1 -13 
2' 4 


\ 




Applications of Differentiations 


f (x) = ax 3 + bx 2 + C : bl 

{x:x>l}^o^j {x:x<l} ^ 

. C, b, a aJLii-l (3,l) 4 kjLJl Jjs- y + 9x = 28 -3.' cT^. J 

J^' 

^^3 ^X . X 1 j - ^3 |x I X <C 1 j - ^3 5 5 3 w® dJliXil . 

X = 1 iikij 

.-. f'(x) = 3ax 2 +2bx 
f "(x) = 6 ax + 2 b 

f " ( 1 ) = 0 => 6 a + 2 b = 0 -r 2 

3a + b = 0 => b = — 3a •••(*!) 

dy 

— = -9 ja y + 9x = 28 -.Uii U» 
dx 

x = 3 jup f ajijji ^ui ja f'( 3 ) 
f'(3) = 27a + 6 b 

- 9=27a+6b -3 

=>-3 = 9a + 2b ....( 2 ) 

y = f (x) = ax 3 + bx 2 + c ( 3 , 1 ) 





1 = 27a + 9b+c ...(3) 

: (2) J (l) j* 

- 3 = 9a + 2(-3a) => a =-l =>b=- 3(-1)= 3 
: (3) 


f"(l) = 0 

f'(x)= 3ax 2 +6x 

f'(x) = 6ax+6 => f"(1) = 0 
0 = 6a + 6 => a = — 1 
f (x) = -x 3 + 3x 2 +c 
f'(x)=-3x 2 +6x 
f'(x) = 0=> 

-3x 2 + 6x = 0 => 

-3x(x-2) = 0=>x = 0, x = 2 



0 


2 


++++++ 


f'(x) 



f (x) = -x 3 + 3x 2 +c 
8 — —8 + 12 + c = ^ > c = 4 





Applications of Differentiations o\ a t Aa'> 



jlT lil a iuJ jut a e {-4,8},b g R j| f(x) = ax" -6x + b . 1 

. 5 j jCLa f (O f (I 


a,b g Rk-Jajj*i f(x)-a-(x-b) ^ijJl 4k£j (2,6) cjIS” lil .2 

. dkiLiJ' jjuj 


ikU jls JL-U^ g,f JA jr d\Zj g(x) = 1 - 12 x, f (x) = ax 3 + bx 2 + C x JIT lil . 3 

. a,b,C G R OjI jiJl -u>_3 ( 1 ) — 1 1 ) f 

C £ R f(x)-3x — X +C 5 JljJl <_£ J*~P 3jLgi JiLC 6 CJlT lil . 4 

. <L>*A3L)\ 4Jaij ^2 j*tl£ 4jil)ta JL?- 

2Lk& f 5 J\jJU J Vx<iL^j Vx >1 8yu* f cJlSj f (x) = ax 3 + bx 2 +cx jtfbl.5 

. a,b,C G R OjI jiJl »L?s3 (-1,5) 4_jkx^ ■» k £ djLgj 

f(x) = x 2 -- , aGR/{0} , x^O 
x 

. kk's-* ^ ^ >uUj dike V f 3J| jJl J| jA jj 


IJUs-a bl$j b cJk” j ( 2 , -1 ) y=ax 2 +bx+c ^udl j-^c 3x-y=7 . 7 

, " - 1 
.JbtfJI £>> a,b,CG R b>~2 Jjt x = — -^ 







Graphing Function £J 1 jJJ ^ U 1 UU*i | ^ 

V " ’ 

[3- 

00 

v J 


: Ol jJajM ^sj alkjw aJIjJ JaJg^tll y 


: aJIcL! Jbv> zXsxj ( 1 

R ja l$J Jb^ j' Ola (Polynomial) Lijc?- sJIjJI cols' bli 

{xg R :h(x)^0} l$J Jiav *_-ji oia f( x \_ 9( x ) a j jjis cjis - til u 

h(x) 

? -ukjO ^>1 C*bU&Jl jA J«A jJ^LuJl £jj jr^J ( 2, 

^ obLtfJl jy - « J _p- f ; A — ^ B ( i) 

Vx g A3(-X)g A => f (— x) = f (x) 


^ AJaiO J y jJ?b^4 f ; A — > B (ii> 
Vxe A3(-X)e A => f(-x) = -f(x) 

^ f ' ^JaiL <Ui jJi ois" 01 ( 3 

. ObUaJl jy^> Jaii Cl! i-< 01) y <L*_0 Csj-j X=0 Jjut 

jj^- 4 Jaij Cl! «A jjl3 ( 01 ) X yj j\ <L*_J JJ*j y=0 JjWjj 

: OJ^-j 0) ^Jl JljjJl lo A-ia*il AjibSl oL_Jia~dl c4 (4 

Xj^jjij h(x)= 0j*4y = -9^ cols' lib (i) 

h(x) 

(Vertical Asymptote) &U* Joi x=a j 


J±£^jy=b j^j(j^ioi) ( y) U^m ( y ) = 0>4x = 


n(y) 

m(y) 


cols' blj (ii) 


( Horizontal Asymptote ) 

jjtAiil l y£- jjj y j ^~ I JpUUIj y3\js]\j JjI jail ( jj?l W g ■ 4j f (x) , f (x) Cs*- ( 5 

. C>J^-j 0] Jaijj 

. AJljjl jj j*0 cUi 0) A-ilO>l JaiO JJr (6 




Applications of Differentiations 


f(x)— : <Ul jJl ^ j*— ><jl 


-1 - Jli. 


R = jL^a ( 1 ) 




. jruJl ^kij ( 0)0 ) (2 ) 

: oV 2Jaij J y>~ jJiL^a ( 3 ) 


VxgR,3(-x)gR => f (-x) = (-x) 


= —x 

f(-X) =-f(x) 


. c >wJ iUlJJl OV J^ry V : Olol^l (4) 


f'(x) = 5x 4 

f '(x) = 0 => x = 0 => (0,0) 


( 5 ) 



{x:x<0} t {x : x > 0} ^jr^SJbija, f 


2Ue\ J~g y 2WS; (0,0) 

f"(x) = 20x 3 
f "(x) = 0 => x = 0 

0 + + + + + + 

I ►f "(x) Sji&i 

{x:x>0} A 5 ^ 4 f 
{x:x<0} f 

o^Laj*il Aklj (0,0) 





X 

0 

1 

-1 

2 

-2 

JL. 

0 

1 

-1 

32 

-32 



y=X 3 — 3x 2 +4 • 


-2 — Jl La 


Vx 


x = 0=>y=4=>(0,4) 

R, 3(-x) g R => f ( — x) = (-x) 3 - 3(-x) 2 + 4 


R = ( 1 

ObL^Jl J^UuJl (2 

(3 




f(x) 
f'(x) 
f(0) 
f (2) 


= -x 3 -3x 2 +4 ^ f(x) 

f(-X)*-f(x) , f(x);* f (— X) 0*) J_»VI ikij jl oliUsJI £> jtUOs-jj - !! 

. c *wJ oV y ^ (4 

= x 3 - 3x 2 + 4 => f '(x) = 3x 2 - 6x <5 

= 0 =» 3x 2 -6x = 0 => x = 0 , x = 2 


= 4 =>(0,4) 

= :0=^(2,0) 


++++++ 

◄ 


0 


2 


++++++ 

► 


f'(x) 




Applications of Differentiations cA 


{x : x < 0} , {x:x>2} csj* 

(0,2)3 ^3 2La 3L^« f 
. -L)Li_) 2 W a \ ( 7. j 0 ) t <blgj ilkiLj (0, 4 ) . ’. 

f'(x) = 6x-6 

f'(x) = 0 => 6x-6 = 0 => x = 1 
f(l) = 2=>(l,2) 

1 + + + + + + 

I ► f *(x) 5>AI 

J- 

{x:x>l} 

{x:x<1} 

. oHiil ^LL&j (1,2).’. 


X 

0 

1 

2 

3 

-1 

y 

4 

2 

0 

4 

0 


Jj*lM (6 




Applications of Differentiations o\ a t Aa'> 


f(x) = 


3x-1 
x + 1 




-3-Jli. 




X+1 — 0 X — 1 ; 4 JI jJJ Jb^a £«!j! ( 1 

R 1 1 1 jJfe <1)1 jJJ Jb*s,a ’ " 

j*£- bJJiJ 5j|jJl (— 1 ) <UljJl Jbjta 1 01 1C (2 

J ./»Sfl OliUaJl jj^- 4 

: J?Lflj (3 


x = 0 => y = -1 => (0,-1), 


y = 0 


3x-1 
x + 1 


n 1 1 

u =» x = — => 


( / 0 ) ' * W 3 < L«_a 


f(x) = y = 


x+i =0 => x=-1 
3x-l 


yLiJl L^ibtl 


X+1 


yx + y = 3x - 1 => yx-3x = -1-y 

x(y— 3) = — 1 — y => x = — 

y-3 

y-3 = 0 => y =3 

(x + 1 )(3) — (3x — 1 )(1 ) 


f ■ '(x) = 


(5 


(x + 1) 2 
3x + 3-3x + 1 
(x + 1) 2 


+ + + + + +-1 + + + + + + f '(x) SjLil 
4 * O ► 


(x + 1) 2 


Vxg R — {— 1} 4 f'(x) > 0 

. hry JpUj •isrjjVj {x:x>-1}, {x : X <-1} A ^Lr - 4 


-8 

(x + 1) 3 


f'(x) =4 (x + 1)” 2 => T(x) = -8 (x + l)- 3 (l) = 





Applications of Differentiations cA a t Aa'> 


+ + + + + +-i 

O -y"(x) 




f(x) = 


X 


x 2 + 1 


—4 — Jlia 




R <Ul.xU ( 1 

. iCj y=0 0l3 x=0 ^ islflj ( 2 


Vx g R,3(-x) g R 


f(— X) = 


(-X ) 2 
(-x) 2 + 1 


X 


x 2 + 1 


= f(x) 


dJaij (0 , 0 ) 


: (3 


obLtfJl j_pt4 J_p- jJ^L^a /. 





x 2 + 1 * 0 
.2 


X 


f(x)-y = 

X +1 


yx 2 +y = x 2 


x 2 (y — 1) = — y => x 2 = — — 

y-1 

y-l = 0 => y = l 


: OlpL£l (4 

y oS- wU JJ 




(5 


f'(x) = 


(x 2 +1)(2 x)-x 2 (2x) 2x 


f'(x) = 0 


(x 2 +l) 2 (x 2 +l) 2 

— ^T-r = 0=>X = 0=> f(0) = 0=>(0,0) 
(X +1) 

0 


+ + + + + + 

I f (x) 



f'(x) = 


(x 2 +1) 2 (2)-2 x(2)(x 2 +1)(2x) 
(x 2 +l) 4 

2x 2 +2-8x 2 2-6x 2 


{x : x > 0} f(x ) 

{x : x < 0} J f (x ) 

iS yt^fi SjL^J SJaJij ( 0 ,0 ) 


(x 2 +l) c 


2 o, = 0 => X =+—j= 

(x 2 +l) 3 V3 


1 


V3 

- v + + + + + + 

-I I 


1_ 

s 


♦ f'(x)5jU>l 


yiJS- 

y 


yuu" 




1 

{ 

y= 




f (± y=)=l= 

V3 4 


1 1 • r 

{x : x < — =}, {x : x > — =} J* i (X) 
V3 V3 " 

aydJl^a^f (X) 

, 1 1 , 1 1 


: L_a LdaiJ 


Applications of Differentiations 



: <LJbJl ^ jlsw 


1) f(x) = 10-3x-x 2 

2) f (x) = x 2 +4x + 3 

3) f(x) = (l-x) 3 + l 

4) f(x) = 6x-x 3 

5) f (x) = — 

X 


6) f(x) = ^- 

x + 1 

7) f(x) = (x + 2)(x-l) 


2 


8) f (x) — 



9) f(x) = 2x 2 -x 4 


6 

x 2 +3 


10) f(x) = 



Applications of Differentiations cA a t Aa'> 


r 

. jl a_JU-c. oULJaJ [ 3—9 ] 

V 1 J 

iLLial cT*J J- 4 ^"*^ uL^- jjJsj A' jJis- ^L«Jl 0 jiiJl ^ o 

jl t LLL^t* Cljjj cJLU?l <uL ii <lLaj ^UjjI J»ia o^ptj ^ cojj JjI~J.I oJJi 

4^-L^w« jii oULjii jjL^waj 4jiis" jiij jiiji A' A (»— ^Ujji 

. £tJl . . . i Ja-Ata Jilj J*-^" jA'j 
: 3_jSn ol jJajM £~ii J»SC«J,I o jjs J«^"j 

. <UL~dl A g U <*~l£ oAj ( 0}) SJL^woJJ U sJa^ba jj . 1 

. J^-lj ^-A^a ^3 o 01 l^Jbjta 2J*Psjj jl k«" ib*jl il A 1 ^ J . 2 

. a- A - ' Aj ® A' A (*Aj a A' ^ J ^' s A J W' oir '^' • 3 

. 4-a-jJ3.ll ^gA L§j|j *> k • '' ‘La-JjJl ^A j^A I Lijli 


. j^jC £LJl 0_A^ j- 4 A' 1^1 c£*^ iJjtil 


X = iJjJ! j£j 


-1 -JUl 4 




A-' 


X 2 = ^ ja .’. 

f(x) = X + X 2 


f'(x) = l + 2x, f"(x) = 2>0 

f'(x) = 0 => x = -— 

2 

f '(--) = 2 >0 
2 

^ _ !_ Ja£ 4-Ja*- 4 Jj>- A •*■ 

2 









-2 -JH. 


Ol*j j * 12cm Lg.»J.Jg J ji? J^JiJl <Uj jrfiUtJl djtki ^ yJu> 

? <L1*J| 5JlgJ t jJfe U . l^La SjjUl S.lj^-*il l ^L> pJ JJ> iUj^l <L)jL*wW 

□ 


X 

12 -2x 
x 


0 < x < 6 


Q 


n 


12 -2x 





x cm ^jLj ^ jtgflll jll J ji? jjjj 

12-2x ;12-2x; x JjJA*aJl jW •*• 

liJl flilajl i-J j^p = ^py^-\ 


v = (12-2x)(12-2x) (x) 

V = f (x) = x(l44-48x + 4x 2 ) 


V = f (x) = 144x-48x 2 +4x 
dv 
dx 


= f '(x) = 144-96 x + 12x 2 =>— = o 
v ; dx 


0=1 2(1 2-8x+x 2 )=>1 2(6-x)(2-x)=0 


X = 2> X = 6 Ip; ji - 1 JaiJl 


J yi*j> j~£- 6 01 ^ 


v = f (2) = 2(12 — 4) = 128cm 3 (*-*^*1! g -& iutgj 2 jjs - 





_ . * s • t . c — 3 — Jli# 

12cm La jJaS «Ji .,ig ) 5 jjli j3-b 01 j^jC^L-JI ^0-Ll« j p ? 

3yf3 0 jjIjJI 4^-L^w« Jl cJUdl 4 ^-L^w« <L_«j 01 ja jj *0 

471 





(Ol^Jcdl) cJLiil aJ-tli b = 2x , h : dJLiil Jo yu 

: Ol gJJ 4i*5/lt JL^ejJ 

2 

x 2 + (h-12)~ = 144 


x + h -24h+144 = 144 


x 2 =24h — h : 


x 


= V24h-h : 


(cJLiil 2b-L^w«) : *J1 jJI 


A = — (2x)(h) = hx 
A = f (hj = h^24h-h 2 


: Joj 


A 

A 


j JjM jj <L^- jj> h 01 1 Oaj 0 < h < 24 

f(h) = Vh 2 (24h-h 2 ) 

f(h) = ^24h 3 -h 4 


dA_ f , 72h 2 -4h 3 
dh 2V24h 3 -h 




4^-LwO.l Sjl^J 4^- 1 4 W 2 • ll Jji 


La.U£- 





f'(h) = 0 => 72h 2 -4h 3 =0 
4h 2 (l8-h) = 0=> h = 18cm 





Applications of Differentiations ^\2cJ\ o\ a t Aa'> 


h=18 cm 


x = V 24h-h 2 =>x = ^/24(18)-18 2 

X = V 18 ( 24_18 ) = V 18 ( 6 )= 6V3cm 

b = 2x= 12V3cm s^uji 


A, =71 r 2 => A =7T(12) 2 =14471 cm 2 : ^ 

A 2 = — bh => A 2 = 6 V3(l 8) = 108V3cm 2 idJUdi^ 

_ A, _ 1Q8V3 _ 3V3 

Aj 14471 471 


-4 — Jlia 


24cm J jJ? c~lLa O' j^jc JA" ••• a j-4"' 

. <uiL«i OlaiLi jj-iUl jJlj 0 jlc-LoJI ( ^U- OIaaj jw'j O' 18cm 




X,y cm : JJai-Jl ^ JS Jjb J? yu 






b 





24 


j 


c— oiLlsj I JJ 5 jJ^luil L«jfcL)ljj ^jLmwJ jl^jLiwja btr , bc(J : OliLiil : Ol^Jcdl jyj 4i%*J! 

. U-ftUUjjl JJ j S j 5 jJjLjdl 

tr _ ba y _ 1 8 - x 
cq bp 24 18 

=> y = — (l8-x)=> 

18 ' ’ 

A — Xy s — <b.x*j o j^p : <Ul jJi 



A = x — (18-x). 
3 


: Jj 


f (x) = A = ,— ^18x-x 2 j : iu^l JJ 



; J- JsJLJl 


f'(x) = 0 => x = 9 


Applications of Differentiations ^\2cJ\ o\ a t Aa'> 



. JjjCj X- 9 Cm JL£ <Ul jJ ^jo I jjfcj 


y = 




= 12 cm 




5 -Jlia 


^S^-L^wa Oj^J La,X^P d-il C~jl 60CH1 t£jL~0 £J j^J 5 jjli | ^^„’*' a 

. ^ jJ,l J jJ? 3 jjl jJl jJa3 J ji? Ols j^jC La jjufi\ jJiLiJl 




x cm = jll 'p J jJ? jp jjijj r cm = 3 jJI jJI jia3 i_a -p * ^ jjjj \ jjjJl 


60 Cm = 5 yljjl Ja^^ba + jil Ja~^ta : 5i*VL*Jl 

.-. 60 = 4x + 27ir => 
r=I(30-2x) 

71 


A = x + 


71 


— (30-2x) 

71 V ’ 


jJ,l 5^-L^wa + 5 jJIjJI 5^-L^wa : <UIjJ| 

: J^-\j j . Jul Jj _ ptJl 


A= f (x) = x 2 +r^900-120x+4x 2 ) 

f'(x) = 2x+-(-120+8x) 

f'(x) = 0 =* 0 = 2x+— (-120+8x) 


: 




0 = 7ix+4x-60 => 60=7ix+4x 





x(tu + 4) = 60 => x = 


60 

71+4 


cm 


1 120 , 30 

r = — (30 ) => r = cm => x = 2 r 

71 71 + 4 71 + 4 


1 


^ J*~p dlLlC 3j|jJl f (x) — 2 + (8) > 0 

(f J ) 71 


j^jC U yj| 0 j y — X = 3 JjIjJI ^kiJJ J?Lflj jl 4 J 2 JL 1 Jj>- 


-6 -Jlia 


(0,4) iLLUL 




- X" = 3 es^-4' JaAj j* ^ P( X,y ) ;UaiJl 01 


x 2 = y 2 - 3 


(A) 


s = V(x-0) 2 +(y-4) 2 
.•. s = <Jx 2 +y 2 -8y+16 

s = f (y) = ,/2y 2 -8y+13 

f '(y)= , 4y ~ 8 

2y2y 2 -8y+13 


... ( 2 ) 


: 2^1 ^a ^jjaj ^ jcJO 


f'(y) = 0=>4y-8 = 0=>y = 2 
Q x 2 = y 2 -3 
x 2 = 4-3 = 1 => x = ±1 
=>(1,2), (-1,2) 




Applications of Differentiations cA a t Aa'> 



. j^jfla yS\ £> y> ^ HftUg-l O jXp 75 Hg t yP>?J> Jy; y y$X£- X?; .\ 
. 4V3cm 1* j-its <Ji -ig * 3 ^S" j3-b y HJIi 3 j jjb 4j| j£\ ^Ujj! y . 2 
. 4V2cm l* jiai lJ> «iig i 3 jJb cA <iig j J>b ^py - a j£\ sX*j. • 3 
. 8V2cm HiH JS" J jJ? ^jOHJl ^ H-Hwa j-5"l Jj* • 4 
. 16 cm 2 <u^L~a JJai^wJU j£j J sl ^> Jil X* . 5 
. 3 cm la jJai u> .,ig ) 3 j£ J>b ah^j j^jc j*Jli jJb JsjjJta jH"l ^ 

. Julia jHgl Jj*i! £^jj! ^ jJjj^l £« J ( 6,8 ) HflJl jjC <_£ jjl IbHa Xs? . 7 

JLalj c oH~Jl jy-*j f (x) = 1 2- x 2 SJIjJIj StuJJ 4,.flJg-;l' J>b ^py J_k - .„ a ^£\ {jx*j x^ . 8 
. i X?r y oH-Hl j_p^» ^^It J' j^"*^ JHl jJlj < '“' , JJJ Jr® 

jJa3 J jJ?j 8cm Atlijjl j^Jli jJb IsjjJta j3-b £i ? jj HJIi 3 j jjb lil jia^i I jH"l ilajl X?r . 9 

. 12cmc<j^li 

ILalS" 3jjt 6 -v/3 Cm A J A (*-^ Julia Oljji y j^li j*Jli iS jjl 2> JsjjJtl pP*P" j-S"l X^ . 10 

.^juaJL&Jl 4_«*li? U^-l (J y- 

H-Hwa J laUtt latlajl Xp? (1 25k) cm 3 l ^ •■•».*■ ^Lt'il y H- yiu> J^JiJl <Lj| jJa^a I Hit . 1 1 

. ji\J»la Jil U-».'— g ^ ^UgxA^Ji ju*ll 

H-Hwa CJlS" bis l^H 5 J^r uA»-jg CiUtli J jJ? 2 L W“ ... a ^ jW ... ^j| j^a J ^1 1 Jlj>- . 12 
Jljji-I Jl Hit j^-£ 1» jH"' JlA - ! tl*jl 108 m 2 iUtLg ^Ugit^JI 

. J-alS" S-lktr ji 




Chapter Four 


Integration 


u 


J-alSsJI 


. V ■ 1 1 .0 A sh . s. [ m a J i^>*_ I 



[ 4 - 1 ] 

[ 4 - 2 ] 

[ 4 - 3 ] 

[ 4 - 4 ] 

[ 4 - 5 ] 

[ 4 - 6 ] 




( A 

uLUll iJljJI - >15^1) LJJI [4-1 ] 

V " J 

[ a,b ] rfjjJUuJI 0 jjusjl ^JU- 3 Ja4al»* w« rfjli f >_■■■■'>• [ f (X)dX iaL?MaJl d^_«3 ibjljl djL) jJ? 

J a 

. -u>_J ib*ul 



(4-1): 4 » d>j^L»o 

; Ca-aasj [ a>b ] 3 j^a! 1 3 j-»^~»wa F <U l ^ 4j li [ a,b ] 3 j^a! 1 ® j-< 

F / (x)= f(x) , Vx g (a,b) 

f b f (x)dx =F(b)-F(a) :b^ 3 

a 

•JLatwA 3jli f CJlT lil 


[a, b] 3 'jaiJl (Antiderivative of The Function ) f sJIjJU UjUU! F 

f : [1, 2] — > R , f(x) = 2x cjIT lii : ^jui 

F : [1, 2] — > R , F(x) = x 2 Ola 

F'(x) = 2x = f(x) , Vx g (1>2> 


: oli <lJLcj 

j, 2 f (X)dx = F ( 2 ) — F ( 1 ) 

= 4 - 1=3 


[F (x)], ijj-JL F(2)-F(l) 






-1 - Jls, 


HjULaUbF(X) = 3 x 2 [ 1,5 ] a l _ ? JLfr 5 lib f(x) cots' bl 

. f 5 f (x)dx f ui Jju 

J 1 


J’f (x) dx = F (5) — F (1) = 3(25) — 3(1) = 75 — 3 = 72 


: bib 01 

J" f (X)dx =[f (x)J =[3x 2 T =75-3 = 72 


^a f UUJU ILliuJI UIjJI Olj [ 0 ,—] 3 5 lib f cots' bl 

F(x) = sinx , F : [0,—] — > R 

2 


-2- JUw 


f - 

2 f (x)dx :JbrjU 

J n 


J" f(x)dx = [F (x )] 2 = 


J, 


. 71 


- F (0) = sin sin 0 = 1 - 0 = 1 

2 


F : [ 1,3 ] — ► R , F (x) = x 3 +2 cols' bl L_i c-Oi 
f (x) = 3x 2 : 5JI JUU IJbtl# Ub ^a 

R ^gJLc- Jl Ul )Uj £ j ^ « 3 lb F ^x) = x 3 + 2 

(ijJbJl lib ) 

. ( 1,3 ) j^JLc- (ilibc^U ILlij [ 1,3 ] 3 F 

F , (x) = 3x 2 = f (x) , Vxe(l,3) 

. [ 1,3 l^^lc- f UIjJU ILtia lib ^a F 



- 3 - Jlo* 















5JIjJU 2ULlia 3Jb F : R — > R 


F(x) = — sin2x : oic~ji 

2 


—4 — Jlia 


f : R — > R , f(x) = cos2x 


j* 4 cos 2x dx jjt ji 




f(x) = cos2x , f : R — > R 

: Ob blidS" ‘J a LuAaj R ^s- J}ULlOHJ 5 3Jb ^a 

F (x) = — sin2x 
2 

R ^gJLc- JULlOHJ Ujlij 3 j^L~wa 5Jb 


Q F'(x) = — (cos2x)(2) = cos2x= f(x) , VxeR 
2 




Q I f (x)dx = F (b)-F(a) 


f- 

1 

4 cos 2x dx = 

— sin2x 

J 0 

L2 J 


x= 

4 

- J x=0 


1 . n 
— sin — 

2 2 


f iUljJU Ujlia 5Jb J— » F 


(4-2) 

1 • a 1 , n 1 

— sin 0 = — x 1 - 0 = — . 

2 2 2 


^3 F LgJ <UjULJI £ SJljJl JjJjf l« 

: 01 oLjL bib Isw 5 j-° jib>cO 01 twJUsJl 


F'(x)= f(x) 






r >1 

F" IgJ iJj LLaJ ! iU I jJ \j f <UljJI ^wj JS- { ^Jj Lo^-Sj 

V J 


f(X) iJUJl 

F ( x aLUil aJijJi 

a 

ax 

x , n + -l 

x n+1 

n+1 

ax n , n^-1 

ax n+1 

n+1 

[f(x)] n . f'(x) , n?t-l 

[f(x)] n+1 

n + 1 

sin ( ax+b > 

1 1 

— cos(ax+b) 
a 

cos( ax+b > 

1 • u 

— sin (ax+b) 

a 

sec 2 ( ax+b > 

1 

— tan (ax+b) 
a 

esc 2 ( ax+b > 

1 

— cot (ax+b) 
a 

sec ax tan ax 

1 

— sec ax 
a 

esc ax cot ax 

1 

— esc ax 
a 


2JS- C F + C JjiX^sJl ^3 LtS f 3jli <djLLjl JljjJI "&£• j^^ta 







K 

f — 7 

4 sec 2 x dx = [tanxl = 

J n 0 


f- 

J 4 sec 2 x dx 


tan — - tan 0 = 1 - 0 = 1 
4 


I CSC 2 X dx 


il 7 U 

| esc 2 x dx = [-cotx] n =- 


71 7t „ . „ 

COt b COt — = 0 + 1 = 1 


( 


3 sec x tan x dx /\ 



n 

sec x tan x dx = [sec x] 0 



sec 0 = 2 - 1 = 1 






J_ _ 81 
4 4 


1 

4 



-5 - JLl« 
-6 - Jlia 

— 7 - Jli® 

-8 — Jlia 

















r 


[ 4 - 2 ] 




J f (x)dx>0^ f(x)>0 , Vxe [a,b] 


: CJlT bli [a,b] ^Js- 0 W« 3Jb f 


a ) f(x) = x 2 >0 , Vxg[-1,2] 


b) f (x) = 3 > 0 , Vx g [-2,3] 


j 2 t x 2 dx > 0 

j' 3dx > o 


: *Ac»i 


J -2 


c) f(x) = (x + l)>0 , Vx e [2,3] :d‘i J 2 (x + l)dx >0 


f -p (x)dx < 0^ f (x)<0 , Vx G [3, b] ; lili [ 3.>b ] 3 <Ul^ f 

J a 


a) f(x)<0,VX e [1,2] : ^ J 1 (-2)dx<0 

b) f(x) <0,VX e [-2,-1] : ^ J_ 2 x dx < 0 


: *Ac»i 


J b c.f(x)dx = c J b f(x)dx 

: Ola bjU LiLJb- bJ-fr C t [a,b] a 3Jb f 


UU 


J 5 5 f (x)dx jiarjU J 5 f (x)dx=8 oiTbl 


9 Jli. 


J 2 5 5f(x)dx =5 j’ f(x)dx =5(8) = 40 

J (f, + f 2 )= f f,+ f f 2 ..... 



:bJU 


, f : OUIjJI cols' bl 






J ) 3 f 1 (x) d x = 1 5 , J 3 f 2 (x)dx=17 


CJIT lil 


-10- Jli. 


^ (fi(x)+ f 2 (x))dx > J 3 ( fi(x)— f 2 (x))dx 




J 3 ( fj(x)+ f 2 (x))dx =| : fj(x)dx+J f 2 (x)dx = 15 + 17 = 32 
J 3 ( f 2 (x) — f 2 (x))dx =| : fj(x)dx-J f 2 (x)dx = 15-17 = -2 


J 2 f(X)dx JbrjU f (x) = 3x 2 +2x 


cJir bi 


11 jn. 




J 2 f(x)dx= | 2 (3x 2 + 2x)dx = J 2 3x 2 dx + f 2 2x dx 

, [x++[x 2 ] 2 =(8-1)+(4-1) = 7 + 3 = 10 


: bolj 

: oii c g (a, b) cjis" j [a,b] s aJb f (x) cjis" bi 
f b f(x)dx = r f(x)dx+J b f(x)dx 


| 7 f (x)dx jj-jU J i f (x)dx =5 , j f (x)dx = 8 cj \S lii 


-12- JH. 




| f (x)dx =J f (x)dx + J f (x)dx = 5 + 8 = 13 














J 4 f(x)dx f(x)— Ixlj^aJ 


-13- Jii. 


f (x) — 


x ,vx > 0 
-x ,yx<0 


: U -» JljJLfrli LgJ j [ -3 ,4] ^gJLc- a *Jb f 




2 1 

0 

r 2 ~| 4 

f ° (-x)dxH- f 4 xdx = 

—x 

+ 

X 

J -3 J 0 

L 2 J 

-3 

L 2 J, 


o I 
+ 
o 

+ 

16 0 

L 2J 


L 2 J 


9 16 _ 25 

_ 2 2 _ 2 




f (x) — 


2x + l,Vx > 1 
3 ,Vx<l 


cJb" bt 


-14- 


j; f(x)dx 


: bJUij [ 0 ,5 ] a ^iJl a f 

! oV X — 1 i>l a j^-wo 


(i) f( 1 ) =2( 1 )+l=3 aiyw 


(ii> lim f (x) = < 

X — ^1 


Iimr2x + 1) = 3=L 1 

X— > ] + 

lim 3 = 3 = L 


VL=L 
1 2 

limf(x) = 3 aij^- lim f(x)=f(l) 

X — ^1 X->1 










[ 0j5 ] SJltXll 01 * { X * X ^ l} x * X ^> lj" lT° <UlwUl 


.-. J 5 f(x)dx= J 1 f(x)dx+ | 5 f(x)dx 

= j‘ 3dx + J’ (2x+ l)dx = [3x] o +[x 2 + x J 
= [3-0] + [25+ 5] -[2] = 3+28 = 31 


b) f b f (x)dx = - f a f (x)dx 

J a J b 


aJ-tUJl c, IjU a&\ j I 

| x dx = 0 

3 

b) J 3 x 2 dx = -J 3x 2 dx 

3 2 

= -[x 3 ]^ 

= -[ 27 ] + [8] =-19 


a) J a f (x)dx =0 


i 


a)J x dx 

3 


X " 

L 2 J 


9 9 

=---=0 
2 2 


: L^wal3- 





a) J 2 (3x-2)dx 
c) J [ 3 (x 4 +4x)dx 
e) J°„. (x+cosx)dx 


b) J;(x- 2 + 2x+l)dx 

d )j 0 l x_1 l dx 

f ^ J 2 X 3 — 1 , f 3 2x 3 -4x 2 + 5 


x- 


7 dx g)l, 3 


dx 


f(X) 5JIjJJ Ujlia 3Jb ^ F(X) oi c~ j \ .2 


71 


F (x) = sinx + x F : [0, — ] — > R 

6 


f 6 f (x)dx 

J n 


71 


(H f :[0,— ] — » Rc^ f(x) = l + cosx 
6 


4 


a) 


(x-2)(x + l) 2 dx 


b) } |x+l|dx 


-i 


o r^dx 

j 2 X — 1 



d) Vx(Vx 


J, 4 f (x)dx f(x) = 


dx 


2x ,Vx > 3 
6 ,Vx<3 


cJb" bi .4 


J_ 3 f (x)dx a* f( X ) = 


3x 2 ,Vx > 0 
2x ,Vx<0 


cJlTbl .5 


Indefinite Integral : jJ. [4-3] 


<Ub 4 ^- y <Uli [a, bj 5 ^al!l £■ i <Ub f cob" bl <UI J»«L^dJ <L*)bi*il <L jiaJl ^3 Li jS- 

F'(x)=f(x) , Vx g (a,b) :of [a,b] jifr F UjIl. 

: *lLi 

. f(x) = 2x ;uuii i^Ub SJb ^ F : [1,3] — > R > F(X) = X 2 
? F'(X) = 2X ^IjULJ *L li» iib F(x) = x 2 

: 2L3\l Jl jJJl J-aLj Jlj~Jl lift j£. bb^l JJ j 

1) Fj : [1, 3] — > R , F 1 (x) = x 2 +1 

2) F 2 :[1, 3]— > R , F,(x) = x 2 +— 

3) F, : [1, 3] — > R , F,(x) = x 2 -V2 

4) F 4 : [1, 3] — > R , F 4 (x) = x 2 -5 


: Lg-» y£ 01 J\ Lg-Jj F oli ^9 IgJ F t ,F 2 , F 3 , F 4 ^^01 Ja^Ai Li I 

( 1,3 ) (JL iL0*AJ ILli (ii) 

. F/(x) = F 2 '(x) = F/(x) = F 4 '(x) = 2x , Vx e (1, 3) (iii> 


4j4^-l 5 


■ f ^1 ILLia 3Jb F x ,F 2 , F 3 , F 4 : *Ai" 00 J jiJl lib Is-btj 

f AJIHJ j-LLlia j-aJb ^1 (i jUlj [1,3] 3 SJIjJU ALlia 5Jb ^ yS\ J^r jj <01 ij\ 

: 01 LjU b4^ ^jl^o 

F,(x)-F 2 (x) = (x 2 +l)-(x 2 +A) = d 

Z* z~ 

F,(x)-F 4 (x) = (x 2 +l)-(x 2 -5) = 6 ljXij 


(r 


*L«l £■ j ■ n ; j 


iUlJjU UjILJI JljjJl Jjtjj oli F Ujlia 3Jb [a,b] L? J Lt a f cJlT bl 

!^kp^> l ^ ^£, \ I^jIj Cc^F + C 3jj-a!I jj > i)j£j Lg-w Ji* tf| 

.(ajli 

i- — / 


a f <UIjJJ j~s- F + C ^JJ n '' 4 JLUUJI JljdJl &£• J-Q.P fc« ^4>wj 

. X j ^JLuJ I j^j OlT bj J f (x)dx j^jJL) LgJ yjjj [ a,b ] 

; Ojj . /? ' I ^Lc. J*£. 3jb£" ^Lc- ^ ' b ■* j U5“ 

J f (x)dx = F (x) + C ,C g R c-iiiao* 


-1 - Jls, 


:£M c-JLt bl J T(X)ax j^rji 

a) f(x) = 3x 2 +2x + l 

b) f(x) = cosx + x“ 2 

c) f(x) = x + secxtanx 

d) f(x) = sin(2x + 4) 


a ) I 

C)J 

d)J 


3x 2 2x 2 

(3x 2 +2x + l)dx = + - — + x + c = x 3 + x 2 + x + c 

3 2 

/ -2nj • X _1 . 1 

(cosx + x )dx = sinxH bc = sinx be 

-1 x 

x 2 

(x + secxtanx)dx = bsecx + c 

2 

sin(2x + 4)dx = ^-cos(2x + 4)+c 










-2 — Jli« 


d\ Jo jiJ 


a. J (x 2 + 3) 2 (2x)dx 

f(x) = x 2 + 3 
/. f'(x) = 2x 

j (x 2 + 3) 2 (2x)dx= J [f(x)] 2 f'(x)dx = i[f(x)] 3 +c 

= — (x 2 + 3) 3 +c 
3 

^ J (3x 2 +8x + 5) 6 (3x + 4)dx 

f(x) = 3x 2 +8x + 5 => f'(x) = 6x + 8 : 

f (3x 2 +8x + 5) 6 (3x+4)dx = — f (3x 2 +8x + 5) 6 (6x+8)dx 

j 2 

n 

- \ [ f (x)] 6 f '(x)dx = - x [ f(X) ^ + c = — (3x 2 +8x + 5) 7 +c 


7 


14 


c. j sin 4 x cos xdx 


f(x) = sinx => f'(x) = cosx 




| sin 4 x cos xdx = J [ f (x)] 4 . f '(x)dx = ^ 


1 • 5 

+-c = — sin x + c 
5 5 


d J tan 6 x sec 2 xdx 


f (x) = tan x => f'(x) = sec 2 x 


: d\ JejJu 


| tan 6 x sec 2 xdx= J [ f (x)] 6 f / (x)dx= ^^ X ^ + c = ^- tan 


x+c 


7 






JljdJl J«IS3 


1. J sec 2 0 d0=tan0 + c 

2. J csc 2 0 d0 =-cot0 + c 

3. j tan 2 0 d0 = J (sec 2 0 - l)d0 = J sec 2 0 d0 — J d0 = tan0 -0 + c 

4. Jcot 2 0d0 = J (csc 2 0-l)d0 = -cot0-0 + c 

5. J sin 2 0 d0 = j* 1 — C ^ S 29 d0 = \ I de ~ j cos 20(2)d0 

= i-0 - — sin20 + c 
2 4 

f ^aja f 1 + COS20 1 1 . 

6 cos“0d0= d0 =— 0 + — sin20 + c 

' J J 2 2 4 


1. J 9sin3xdx = 3j 3sin3xdx = -3cos3x+c 

2. J x 2 sin x 3 dx = ~j 3x 2 sin x 3 dx = -i cos x 3 + c 


3. | V 1 - sin 2xdx = J V sin 2 x - 2 sin x cos x + cos 2 xdx =J ^(sinx-cosx) 2 dx 
= ±| (sin x - cos x)dx =±(cosx + sinx) + c 

4 | sin 4 x dx = f — — CQS ^ X ^ dx = — f dx-— f 2cos2xdx+— f cos 2 2xdx 
' J J 4 4 J 4 J 4 J 

= — | dx-— 1 2cos2xdx + — J dx + ^- J 4cos4xdx 


1 1 . . 1 1 . . 3 1 1 
= — x- — sin2x + — x + — sin4x + c = -x — sin2x + — sin4x + c 
4 4 8 32 8 4 32 







f , . x7/ . | (sin x- cos x) 8 

5. J (sin x- cos x) (cosx + sinx)dx = - be 


f 1 + tan x . f -3 2 i 

6. J dx= J tan xsec xdx = 


tan x 


-1 


+ c 


tan J x v -2 2tan 2 x 

7. J cos 3 xdx= J cosx(l-sin 2 x)dx= J cos xdx- J sin 2 x cos xdx 


sin x 

= sin x b c 


f tanx . f 7 . 

8. I — dx = I tan x sec xdx = 

cos" x 


tan x 


9. J sin 6x cos 2 3xdx= J (2sin3xcos3x)cos 2 3xdx = 2 J cos 3 3xsin 3xdx 


-2 cos 4 3x 
3 


= — x bc = -— cos 4 3x + c 


1 

6 


10 . 


1 


cos4x 


dx= J 


cos" 2x-sin“ 2x 


dx 


= 1 


cos2x-sin2x cos2x-sin2x 

(cos 2x - sin 2x)(cos 2x + sin 2x) 


cos2x-sin2x 


-dx 


= J (cos 2x + sin 2x )dx = — sin 2x - — cos 2x + c 


r ll 

11. sin" 3xdx = — x sin6x + c 

J 2 12 

12. J cot 2 5xdx = -— cot5x - x +c 


13. f tan 2 7xdx = itan7x-x + c 
j 7 


Integration 




: J5" ^sr 


1. J (2x2 - 3)2 - 9 dx 
J x 2 

2. l (3 ”^ 7 dx 

V7x 

f cos 3 X , 

3. J , . dx 

4. | esc 2 x cos xdx 

5 

6. J tlx 2 +10x + 25dx 

7. | sin 3 xdx 

f cos Vl-x . 
* > * 

9. | (3x 2 + l) 2 dx 

10. f^ x dx 

11. J (l + cos3x) 2 dx 

12. J sec 2 4x dx 

13 . | esc 2 2x dx 

14. J tan 2 8x dx 

15. f Vc0t 2X dx 
J l-cos“ 2x 

16 J cos 2 2x dx 

17. J sin 2 8x dx 

18. J cos 4 3x dx 




( A 

The Natural Logarithmic [4-4] 

v - 1 ) 


OL-L^P I J& 4j j-£~\ Lft JS&J JljjJlj ijJ^-l Ol . La Lfr jj <Lj jJta *^lji L^aji 

0*^1 Lai . oJ ^- jJl 5 jjb ^s- JsJij oLJI^-Ij iLilill JljjJl ,*_J <ubU 2 ,a j^jCj <• j~k~ Ij uLJ-I ^ 3i jJLa 
. Lgjh jAj ^3 J-al^Jlj J-^Lidl uL^- ^ s - i^-ajyij ^^Jl ^^jc-JaJl ^jLp jAJI *Ub 



[4-1] L^_)j_sJ 

: <L > b ( In X ) _j <d jj> y j c -JgJ 1 X ^■jLC'^ 

rx 1 

In x = J - dt ; Vx > 0 ( 1 ) 

i ^jyu 



(dt 

I1X= I = 


c t jj^Ij JjL»a*iJl ^j-aj Y = cT* «t?-L*il l 1 j *£ I X J»al^Jl I «Lft 


t * 'I V-A Lj I I \ffi j t 1 * J fl < < 


Jkb jL^wJl ^aj 


. I jiufi 5^-LJkl cuat-^lj 5^-L^woJJ j— ^j*ilj ^jc*il OI«x^-l jjLkj i X = 1 OtS" lil <^l 


lnl = 




\ 

= 0 

) 


J*y i t = X j*_JLu*Al jJfe J— «J*i[l J^-l d j£j jj J-J»i jfl. /?ll J,a jS\j 1 jJU^I X CJtS" lil Lai 

: J^L^Jl 5JL^-I a jjs t=l ja 

r x 1 ri 1 

In x = f - dt = - [ - dt 

Jl X Jx t 

. 1 J X {j u ^i^tiil 4^-L^woJJ 4-JLJl •Lv-yi.U L)jL«*wa 


( 1617 - 1550 ) John Napier tsJJLSL^l J_J! ^\s. jll Jli^l J jl v 




2JS- I ( 1 ) 4^*3 uLkT ' ^ j^jC c J ” 4 X <. O^LM JT J 3 

. twJ jJLJb c~£ 4^-Udl uL^- ^ U jji US' 4j jU*Jl ^lij*i! <ui c-£ jj 

F(x) = In x sjijJi o! Uj 

p w=r \* , vx >o 


F , (x) = — 

X 


: 01 4-U (4-4) J-Ul ^ J-al^Jl jU *U*>U*}n Uftj-Il 4j(3 



:d\^\ 


<il aU*ii 3 bli 5 ^ j- 4 U U~?- In u UjjJ Jj-£j LaJus- *s-\ l*~*e L? U J US^c US' 

XJ U-Jb 

: Uk*j ( Chain Rule ) oUUUJLi 2UUJLJI oJ^Ui 


— (in u) = 
dx V y 

/. — (lnu) 
dx V 7 


d(lnu) du 

du ’ dx 
_ J_du 

u dx 


d(lnu) = — du 
u 


dy 

dx 


1 d(3x 2 +4) 

3x 2 + 4 dx 

6x 

3x 2 + 4 


^ ^ rj iiy = ln(3x 2 +4) ois" lil 
dx 


J^> 


-1 - ju 







2 — JlLa 


cos0d0 
1 + sin0 




u = l + sin0 
du 


d0 


= cos0 => du = cos0d0 


f cos 0d0 fau . | 

'• : — = — =ln u 

J 1 -U A J ll 


1 +sin0 


du 

u 


+ c 


= In l + sin0 


+ c 








Vc 

y = lnx 


i)li [4-4-1] 


{(x,y):y=lnx , x>0} 


: <Lj jAl 2s- y y , X LJ JjI jJ 


X =ln 1 (y) , y > 0, xgR l$J y y 3Jb ^Js UUflji- 

x = e y 


In (X ) jA In (y) Jb>ta 


\ g ■ I. o\ y~ j JaJl 3Jb j~£s- y> (e j^L-al) e x L-aVl JtJt : 

. 4JLJLM ala y 





[4-2] 





d(e tanx ) = etanx d(tanx) 
dx dx 


dy 

dx 


gtanx 


.sec 2 x 




OUjJl 






- 

-3- Jli, 

1 


1 



Je u du = e u +c : >i&Jt **~p Ji ^ ^ c u j _ c u du 4*^01 




x 2 = u => 2xdx = du 





X?r 


- 

4 - Jlia 

1 


1 

JJ-' 


e x2 xdx = - f e u du = - e u + c = - e x2 + c 
2 J 2 2 



(4 - 2) lJujJU 

g u = 0 ulna Jli c L?- y> b4£ 

9 Ob' bl 














[4 ~ 3 ] 


da u 

du , 


= a . — Ina 

dx 

dx 


da d /gUlna \ ■ OLfejJl 

~dK~ dx' ' 


„ulna d . . 

= e . — (ulna) 


da u 

,, du , 


= a . — .lna 

dx 

dx 




dy 

dx 


-5 - Jli« 




a) y = 3 2x_s b) y = 2 *” c) y = 5 !inx 




a) y = 3 2x “ 5 => — = 3 2>< “ 5 (2).ln3 

dx 

= (2 In 3) 3 2x_5 

b) y=2“ x2 =>-^ = 2“ x2 (-2x).ln2 

dx 

= (-2xln2)(2 _x2 ) 

c) y = 5”’ < =>^ = 5"“ .cos x (in 5) 


= ( ln5 ).5” x .cosx 









a ) 

y = In 3x 

b ) 

c ) 

y = ln(x 2 ) 

( i V 

y = In — 

W 

d) 

e ) 

f) 

g) 

y g-5x 2 +3x+5 

h ) 


-X 

i) y= 7 T J) 


a ) 

f 1 dx 
Jo x + 1 

b ) 

C) 

r ln5 , 

[ e' x dx 

Jln3 

d) 

e ) 

j'(l + e*)Vdx 

f) 

g) 

f4 e^dx 

t 2 -Jx 

h ) 


K 


i) 

f 2 COS X , 

J r— dx 

n vsinx 

j) 


6 



K 


k ) 

f 2 e cosx sinx dx 
Jo 

1) 


^ \ JiL) If L^J — 1 

/ x \ ^ dx 


y = (lnx) 2 


y = In (2- cos x) 


: <Lj*in J-?- — 2 


p In 2 

f e“ x dx 

Jo 

1 3x 2 +4 . 

— ; dx 

0 x +4x+l 

K 

| 4 sec 2 x ^ 
tt 2 + tan x 

4 


| cot 3 5x dx 


J 2 x e lnx dx 


: 01 C jI - 3 




x — 1 


1 3/ x 2 


dx = 2 


b) J 4 j3x-6|dx = 30 


OlS'j | 6 f(x)dx = 6 OlS” lili [ -2 , 6] 5 jiill 3 5Jb f(X )-4 

J 1 f(x)dx ji?ti } [f(x)+3]dx = 32 


-2 


J (x+— )dx = 2 J sec 2 xdx oi lii a g R 5 

1 2 o 

.f ^ (x)dx ^ _5 ^ .iiC 1 1 l « <Uli c k G R f ( X ) = x 2 +2x+k 6 


jl k>s *uJl j^r ( a,b ) o'ylijl ilkii f (x) = (x — 3) 3 + 1 o \S lit - 7 

} f'(x)dx- J f'(x)dx 

0 0 


\ 

iikll i»L*. jUuI [4-5] 
Plane Area by Definite Integral 

CjLu-uJi JJAAJ <JjILui J> I I <1 &LuiA [ 4 = 8=1 ] 

The area between a Curve and the x=axis 

4 JI 4 JI dJLkjJ.1 A [s, bj a a <Ub y = f (x) 

X — 9, X — b ' j oL^wmJI j 


A=J f(x)dx : Ak-Ld! Oli f(x )>0 cJiriil 

a 

A = -| f(x)dx : ^jl^jA f(x)<0 cJlS" lit 




(4-1 ) JiLiJl 

: 2L3*J|I Ol jJaiM £jsi X=a c X=b ^ j_p«^ y=f(X )2 UIjJI j 

: [a,b] a jiiJl l _ ? JLfr 2ULa 3- ^ «_i dJUbJ: f l«*U£ 4^-LJil ab*jl ol 

. f(X)=0 Ujup islaJl Jji . 1 

. [a,b] kJy>r ol ya Jls. [a,b] f(X)=0 J*4 x .2 

■ 3 y& Ji" L? ^C’ J-alicJ' aJU^ l£>4 • 3 

.(3)5 .jkM ^3 obtaiicJU ialkll j*JL)l ^4 . 4 




-l-JUu 




4x 3JI.UI 5SW-.U 3j»-L^a Ju>- 


• [-2,2] 



JJ^J 


: lAA' 5 j^"' 

f(x) = 0 



• x 3 -4x = 0 


x [ x 2 -4) = 0 
x(x- 2 ) (x+ 2 ) = 0 
• • x = 0 , x = 2 , x = -2 


[-2,0] t [ 0,2 ] : ^ a jiaiM 



A 2 = J 0 (x 3 - 4x )dx = 


X n 2 

2x 

4 


-*o 


= [4-8] -0 = -4 


A= |AJ+|A 2 | 


SJLlkil '■ A' ® 

A — 4 H — 4 =4 + 4 = 8 4*j y> 3 





.\ x = 0, x = 1, x = 2 

[0,1] C [1,2]: Lj* ol 



• 

4 1 

x 3 2 

X + X 

A 

A,= J 

(x 3 -3x 2 +2x)dx= 

0 

L 4 Jo 


A,= (-1 — 1+1) — (0] 
4 


1 

4 






A 2 = 


X 


(x -3x +2x)dx = x J + x 



( 4-8 + 4 ) - ( 


4 


1 + 1 > 


4 


A= |AJ + |A | 


A = 


4 


+ 


4 


111 . 

1 — — 0 5 

4 4 2 


-4 - JU-9 


. [ — 2, 3] i f (x) — X 2 1 SjiisjJll 


JJ-I 

sJ 


oL»J! ■■ '"^sj Jbi 

x 2 -1 = 0 
x = ±1 £ [-2,3] 



(4-4> jiLiJl 




>1 






- l)dx = 


X 


- X 


-2 



f-A + l' 


[- 8 +2 l 

L 3 ^ 


3 




2 _ 2 
3 3 




t (x 2 -l)dx = 

1 

X 

1 

^ 1 1 

x 1 

1 

J 

1 

L 3 J 


A = [9-3 ]-[ - -1 ] =6+ - =-^ 


A= IM+iaj+im 



: SJLIlkil ^4 


a^-L*w« 3j^-j 


3 


5 - Jli* 


n 

L 2 ,n _ 


i jJi}\ j oLuw^Jl jy *-* j y — sin x SJIjJI liLdl -Lr 


n 

— ,n 
L 2 


ol oLj^JI iil-AJl ( «J?LaJ J?ULj A>» 


sin x = 0 => x = 0 + n^ ,n£Z 


n = 0 => x= i— 


n = 1 => x 


n = 2 => x= — 2k £ 


n = -l => x= — -tt £ 


n 


=-2 => x= 2 ti g 


0 


71 


71 

. 2 ,7t . 

TC 

,7C 

. 2 . 

7t 

. 2 ,U . 

n 

— ,n 
. 2 . 

K 

. 2 ,U . 


£ 1 H — : a-jVI cj\ J-alS2Jl o jj* • • 

71 K 



(4-5) 




I I r nO /r\\ / ^ \ ' (•“* 

/\ - J sinx dx = L-cosxJ n =-cos(0)+cos( — ) - ' 

o 2 


n 

2 


A = -1+0 = -1 


A 2 = J sinx dx = [-cosx]J = -cos7t + cos0 


A = 1+1=2 


A= | A 1 1 + 1 A 2l 


A = 1— ll+|2|’=> A= 3 


-6 - Jtia 


[—71 , 71 3 ydJl ^Js- j j_p^j Y = COS X *Jl jJl L y^J> Si jJ=l 33lg;U 2b-l~wa J&r 


n = 0 


n 


n 


-1 

1 


x : 


X: 


n = -2 


x- 


x- 


: oL^wJl jj^ta * j > iUljJl JsULi -A 

^ 71 

cosx = 0=> x - — hrra , nGZ 

7l r i 2 

— e -7l,7i 

2 


71 



e [— 7i, 7il 

2 

371 r 

£ - 71,71 

2 


371 


£ [— 7C,7C] 


n 

- 71 , — 

/ 

71 

71 

1 

/ 

n 

— ,71 

L 2-1 


- 2 

2-1 


L 2 J 


a-jVI +>! ydJl J-alS^Jl 3 yj s-ijj4 




y 



K 



cosx 


n 

dx = [ sin x] _l 


: Jji 


A,,= sin(- 


— )- sin(- 7i)= -sin — h sin it =-1+0 =-1 
2 2 


A 2 = J cos x dx = [ sin x] \ 

n 2 


= sin — - sin{- — )= 1 + 1=2 
2 2 


2 



J cos x dx = [ sin x] * = sin n - sin — = 0 - 1 = -1 

K 2 ^ 

2 


A— |A 1 1 + |A 2 | + |A 3 | : dilkll 04 




A = l— ll+|2|+l— ll = 1 + 2 + 1 = 4 


ft 

Sjjl^JU <aJLiLI 4 ^Lua 4 — 8 — 2 

l 

<lJlS 0*ilj ju>- JL"...~a j Ol~~Jl jjd>uaj dJb ju 4^-L-Jj ibnjl 4 _jLS" Lu-iji Olj 

: juJ^*-La ju SflUrU d^-L^wa ib*ol 

jru^dl jru A 4^kdl k-l~a Oli [a, b] 5 yiftJl ^Lc- jru j-adu^a jdb g(x), f (x) 

i ^jjL) L <tS Ua^ 

A= J [f (x)-g(x)]dx ^A fc-i-ili [a,b] s^Ji f (X) > g (X > Ob' tit(l 

a 

A = - J [f(x)-g(x)]dx ^A 5^LJ,i3[a,b]5 J iflJi^ f(X)<g(X > cJis'bi(2 

a 

a4(*if (X) = g(X ) Jjwjsj dJJij JsUij [a,b] ju 0 L-u>udl til (3 

4_u j ^ & y& Jb" ^3 jcJliXSl ju (3 jjjJl J-al^J ‘■^ r*b 4_uJ^- Ol jZ£ ^gJl [ a>b ] 4 j j£j ( a>b ) ^gJl ^aJUJ 

. 4j jlkil d^-L-Jkl Jbc j^Jtj O^al^dJl ^ytSxJ> Jjj- dAJi >4 ju ^ j 




A = J [f(x)-g(x)]dx 


c 


y — x - '■ ' j y = y 4j- 1 i Jj? 

Vx = X -U 

y 


1 - J-u. 




2 _\_ 
13 2J 


\_ 

6 



y = x 



x = x 




x 3 — x = 0 => x(x-1)(x + 1) = 0 



(4-8 ) jiLiJi 








fljiAj'l Jla j g( X ) = si n X, f (x ) == COSX b Jbt'. UlaA\ ls-\ — a Jj* 


-3 - Jli. 



J" 


X 



A= IM+IM 


31 


K 51 


4 L 2 2J 


Srr 


€ 


JT 7T 

L 2*2. 


IE K 


L 2 4J.4 2J 


K IE 




A = 


J 

a 

2 


(cos x - sin x )dx 


+ 



x-sin x)dx 


* 

4 


| sin x+cosx] - 


+ 


| sin x + cos x| 


n 

'£ 

it 

4 


s . It ^ V J ■ ~ ' IE IE 

sin — + cos — )— sin — + cos — l + 
4 4 2 2 


, T X 71 . . i* X X 

{ si n — + cos — )— ( sin — + cos — 

2 2 4 4 


A= 


V2 + l|+ 1 -J2 =V2 + 1 + %/2-1 = 2V2 SJ^j 







The Distance TaLJJ 


0 jiiJl ^3 is- j$ 2 Ji 11 SiLJki oti 



: ^[t,, t 2 ] 


<Lj-^-S" r \ ^ ol3 cl V j ** *} >\ ^ S \\ ^ I Ul 43\-w*-U c 43 LwJ.1 ^Jjj? d o— 

: oli I jj 4-£^tJJa 



1-Jli. 


V(t) = 2t-4 m/ s ^ ~o 


a) 


: JL*i 

[ 1,3 ] a ^iJl ^ SLc jJalil 5iLJ,l ( a 
[ 1,3] a _^iJl ^3 5Lt ^kiil ^»-i)*^l (b 


1—al^-l 4-jliJl ^3 jiaiil diLJ.1 (C 



Jju aJjtj ( d 



4J6U-1 j_Ju 01 jJl ^ 


.-.2t-4 = 0=>t = 2e [1,3] => [1,2], [2, 3] 



2. 


3 


r- 


r- 

d = 

J (2t-4)dt 

i 

+ 

(2t-4)dt 

V 

2 


_t 2 -4t]; 

+ 



(4 — 8)— (1 — 4) + (9 -12)— (4-8) = 1 + 1 = 2m 





b) s = J 3 (2t-4)dt = [t 2 -4t] 3 = [9-12]-[l-4] = 0 

1 1 

c) d = | J 4 5 (2t - 4)dt| = |[t 2 - 4t]J | = | [25-20] -[16-16]| = 5m 

d) s = J 4 (2t - 4)dt = [t 2 — 4t]J = [16 — 16] — [0] = 0 


-2- Jli. 


(82) m / s j-~j CJ15" lili (18) m/s 2 ajji J 


a) V = J a (t)dt => V = J 1 8 dt 


! J 35" Jj jj 4 JJj-a 
3iJUJl 30L»»4l( <1 

jj 3 jjj-» 35" s-Jj 3Js5j 



.V=18t + c 


82 = (18x4)+c => c = 10 


,V =18t+10 


V =82,t = 4 


18t + 10>0=>V >0 


01 u 


.*.d = 


(18t+10)dt = 


9t 2 +10t 


= [81 +30] -[36 +20] = 55m 


• • r - — _ 

b) S = J (I8t + 10) dt = |^9t 2 + 10t j = [81 + 30] — [0] = lllm 


0 





. X=1 , X=-l y = X 4 — X ^^-db 3iJj£l k-LJJ J^r . 1 


H-3] o ydJl ^JLt J f (x) = X 4 — 3x 2 — 4 SJlJlib 3iJj=l 2b-Ldl - 1 ?-. 2 


. oL-JI j_p^ j f (x) = X 4 - X 2 Jor . 3 



3 jj^aj y=sin 3x 


3i <i^-b*dl . 4 


71 


. [0,— ] S^iJl ^^JLpj OL--JI y = 2c0S 2 X— 1 ^^^tdb 3i jl£I k>-LJJ . 5 


[2,5] y 


— x, y = a/x — 1 jrd' . 6 

2 


. y=x 2 ,y=x 4 -12 ^iJba^i^LJi^.7 


xe [0,27c] c~~- g(x) = sinxcosx, f (x) = sinx ^dUb Saj^l ^ . 8 


x 


0 , 


371 

2 J 


g(x) = sinx, f (x) = 2sinx + 1 


jrcJljJb SiJjil 2b-L«II Jor .9 


X 3 +4X 2 +3X illjLib SiJJd iL^LJl Jor • 10 


4 v(t) = (3t 2 -6t + 3)m/s Js- & ■ U 

[2,4] 3 ^ *£■ jkail JiiLJil (a 
[0,5] 3 ydJl ^ (b 


(4 ) jjj-» *i*j ass- j~t> cJlS"j (4t + 1 2) m/ s 2 fljJii ^-yAr-.^a Jgj»- ^ig- i3j^L> . 12 

: S — ^!90m/s 4> 

t=2 L»jl^ 2Lfrj-Jl (a 
[ 1,2] 3 J%?- £iLJJ(b 
&£ j^-\ «.Jj j* y ( 10 ) *b»j ( c 


(lOOt — 6t ) m/ s &£ j^-\ «.Jj y» 3_jL 5 t iX*jj 0 diaij . 1 3 

c— *4 i ajj> OIJj JJl Jj*il Lg-».-ig SJaiLJl 4if jl 


r 


Volumes of Revolution : £. [4-6] 


j 

3 ' . yl i ^ y= f [ X ) ^3 ^*0 3 W J W r [ [ O [ J ^ ^ k> ^ - L»v^^ . )' 

oL~~Ji j_p«^ J_^x=b L£ Jix=a 


V =71 



a 


4-JbJl 4jbA*Jl JU kj 


o x — f (y) dJluJl 3^4^l 4jjisjJk! jljji ^j«a »U j^il . 2 

obUJi j_p^ J y y=b J\ y= a 



: 4-JbJl Si'ytxJl jJaj 


-1 - Jli. 


. l^»v J-?- c oL--~Jl jyj> J _p" Ojb t ol~~Jl y = -\/x > 0 < x < 4 jjj 22U4I 









. obLaJI Ojb X I — t 1 — y — 4 a at? :ii 


- 2 - Jli. 


^ ‘ 


.Lg-ojv- 


(* ' (* ' #v 4 

v = 7tx 2 dy= —dy=\nlny] =n\n4-0=2n\n2 v^a^j 

J 1 Jl y 1 


-3- JUl. 


y 2 — 8x <ubl)w t£jJl ^kiJL ai*l^l 5^-L^dl Oljji jj > j^LJI Jjfjl 

. L5 ^Ji j^i J ^x=2 , x=0 


v = 7i J y 2 dx = 7t J 8x dx = 47t [x 2 ]~ = 167t v^sj^j 


—4 — JlLa 


Y ^X ^ JJl ^3l£l! ^kiJb aa Oljji 2UI Jiaj-jl 

J_p" X = 0,X = 5 (Mi-4'j 


V = 71 [ 7TV 2 dx = 7lf 4x 4 dx = — [x 5 ] 
Ja Jo s L Jl 



¥ 

j. 


471 


x 3 1 25 = 250071 j 


o 


■"U 

a+- 


a 




i r 



5 














J^y- 


V 


V- 


V 


V 


-5 - Jlia 


0 , y— 1 6 1 j y — 4x Oljji ^ j^LJl 

. iL^Jl jj^l 


= 7 l| 


x 2 dy 


16 16 

n J dy= f [y2] = 


— [16x16] = 32 jc 
8 


y J 

16"“:;} 




/ 

/« . i 

/ ^ 

-y/y 

X 

0 







6 - JllA 


y = — <Ul<x!l obLtfJl jy ‘ULk^Al Oljji jj > .^-jl 

X ** 

. ^UflJl J 4j-olT 3jJ^ t 1 < y < 2 

y y 


= 71 | 


x 2 dy 


j 

71 J 


971 


3 

ly J 

-i 


dy = 97i 


H 

_yj 


L3; 


+ i 


= 671 Unit 








X SiJ^I 5^-L^dl Oljji jj> «^J _^dl ^ljj.^1 j*-?i^-l JLif-jl • 1 

. JJ±\ jjf X = 1 , X = 2 

J j?- y=4 jt-yA^Jkl j y — X +1 SJljJl j^j 3jj-^il <^-L~dl Oljji 2 Ul Jjj-jI . 2 



. jj^l 

J j*- x=0 j y 2 + X - 

= 1 ^jL?cjdi jju Hjj ./*^\ <y»-L<^Jki jJ jjiii ■ 3 


x 0, x 2 j l>-JL ~ ^»J, i j y — x jju ./i^z\ 4^-L^Jki oijji i jj> uJ j^ii iww^y-i . 4 

•1^5—^' Jj^ 


L^-J (JLziDJ 

Chapter Five 


4-jj\ C^AjiA\ 



n 


XJ 


,*LojjLo 


[5-1] 


.iLoLjyc^l aJL»IcJI SJiUuJL) ,»l*Jlj ^UL! 

iy^tl ijiLieVI i-LsliJI oViUil 

o*^Ij4I J^- jJ? i 


[5-2] 

[5-3] 

[5-4] 

[5-5] 


4 > uoLjjJI 4 ^MjzJI 9I 

?T 1 U 1 1 

0 . D 

. E 

4 -jjLl.LcXI a 1 1 J^LajJ) tLbLsJil 


r,\ 


/= f 


4-jjjJ1 >» 7 1 ) ajjLsJLl 


U J 





( X 

a-ojJu [ 5-1 ] 

V J 


JJLJkl ^ 5 iLJLJaJl oL-^L) jJl ^ jll y <L«L£LLJl ^ j Jp y> j~ju 

. 1^1?- Il jL5 * j J^woj (J j -' J .,f? all I jjs ^3 . Am) 4--oJ^Jl 



^JLfr ^yJ- jA I yt (Differential Equation) 4JU?Ud! ahull 

(dJilai! ^3 £jUl ^1) dJiUM ^3 <U dJlJJJ jtS\ jl SiA^-lj 


A — 

ij q" < < ■ a jj_jLua i^\_i <1 a^tc. ^ A 4 ' ' I '"<- V I < > I . A I q"I I <]jL*_LI 

(y) j—y «^Ijj (x) (Independt Variable) 

(x) Jl < yu^lL (y) ol — iiAa (Dependt Variable) 

J I J ualLa ^ 4 LS ll I J O • D • E I fl j — oj JJ 

(Ordinary Differential Equation) 

v- 



l)^ = 3y-4x 
dx 

2> xy+5xy'-x 3 y = 0 


3) 


d 3 y 

dx 3 


dy 

dx 


y-4 


4> y'+x 2 y+x = y 
5>(y ,, ) 3 +2y , + x 2 lnx = 5 
6> y (4) +cosy+x 2 y y' = 0 




X ^Jcdl ^jis- JsJii y ^Jcdl iuL^slflj 0*iiUa L^iS 







. iubJLa iLoj i^ju iitauli tLjj wi jaj : Order ( iLjjJ' ) j' a»j 

iitJiwa l? JLc' <U^yj^( cr ol)3y j-S'l : IgiL aJUblaJl itaUll &rji ^ y£ : Degree ^LrjjJl 

. 3JU?ladl itaUll ^ 



1) — + x-7y = 0 Jjill 3-3 J* 

dx 

j2 

2) — Z = 5 x _3 X y + 7 Jj*ii 3-jUJ! aj^Ji j* 

dx~ 

3) (y w ) 3 + y /_ y = 0 axJiiJi a-jjji ^ 

4> /+2y(/) 3 =0 uiiJi sj^i^ 

/ dy x 4 o 

5) (— ) — x —5 2^4' j- 4 

dx 




dx dx 


dx 


7> y (4) +cosy+x 2 y y' = 0 


I d ' I Si < i i a (_j-^ I «uLuaUlll <JjL*il 

<_I j Lx! I ^ILcls . <i j LjlI I j j ' 4 ju j ^_Lc. I o I j 4 Q " oj-aJJ I 

(y') 2 = V 1+ (y') 2 : iiL^uui 

y i ^ j q <i q "' ' ~~~' a ^_ic. i <LljHi 1 4_u jj i 



(y") 4 = 1+(y') 2 : J* 3^-^' cr- 4 ^' jl Jjjj-I aJlj! ^,c^ 

4*j! jJ' 0 j dJJ Jjj 



LiL«VI ibUll J> [5-2] N 

Solution of an Ordinary Differential Equation 

J 

^LJl jy) Xi%£- ibjub OJJi c UJ jJj?- ib^ji -LyLjT 4_J^sbbJl O^^bl! ibbdl 01 

2LJU?Ud! AJibdl jid Olj obbbdi*^l y> aJ 1> Ai^bdl 0 j£j d-~*-> X Jis— dl ^Jcdlj y ( Jis— dl _^d ) 

jj£j -L«£- 



: Ai*d*Jl aJla 01 d~*u aJU?bbll SJibdl OI^Jcw ju Ai*d£ ajI y> aJU?U 2' 5Jibdl Jj?- 


AibJidl aJO (I 
Ajl<a^ 5 jjO ^d-T- *0 j^«a ( 
aJU?UJI Atabdl jid (_?- 

^jJLsd JjLuJd aJ*^Jj ( ^bll j-juil) J _^pd SJb y> Ajit~£*^l aJUpUJI AbbcJU J3-I 01 ^1 

. aJUpUJI <Lbbil 

-1 - Jli, 

xy' = x 2 + y AJUsUd! ibbuJLS ^ y = x 2 + 3x Ai^dioi^ 

: o j£J / j4 y = x 2 + 3x 

y = x 2 +3x ...@ =»/ = 2x + 3 ...(5) 

L>d"j 4-JOpbhJl AbbtodJ j— ^ jC^I cOjiaJl ^3 ( 2 ) j ( 1 ) ytj 

LHS=xy / 

= x(2x + 3)=2x 2 +3x 
R H S = x 2 + y = x 2 + x 2 + 3x 

= 2x +3x= LHS a^l aJU?UJ| ^ibtJU ^ SUajdl aJ'AaJI lil 





r 


: LoLjlcVI aJolaull ^UW JJ-I [5-3] 

v 

(j'i JJ-l 01 j-s - 1 iitaUAl j jJ- y,X ju ij\ ja LaJUI US' cJUslidl ^JaUll J^- 01 

jj> 2Jal*il cols' lili c <Ual*il <10 jJ jUw« 4 jjU^-*i[l c-j' ^ sJl j- 4 45^ J»^-l ja UU?Uj dJaU* 

JjS- J^jgj JJl J-al^Jl ChIj jA t^jU^-l ChIj *>U^JLa ^UJl l^U- O^SL) 01 4_— ?-j 2-0 jjl 

JU-UcI c— sj-j <LjUJl <lU jJl j-a 2 JaUAl cOlS" ISI Ul . 2 C jJl 0*^al*i aJL^- jJl J-«l^Jl 5 jJaU- s-lj^-l 


. . . I J^Jfej UjliJl <lU jJl 2Jil)w J^- JjS* J^I^j j-j jjai>- I jJaj J-«1 ^j j^jIj l^ly 


dy 

dx 


-5y = 0 


■ tjl*^ 


2JaUAl ^3 J& j j-Cj US' y = C 5x j^U-l JU-I lg ee^uj 2C jJl 2 _«U?Uj 2JiU* j~yo 

y =CC 5x 0 j^~3 4 C ^jLa^-l C-j 15 ^g-U J-a-UO 01 c— ^>l*Jl l^U- 01 j«£- UL^UJl 

. . d 2 y 

; <C^U"I J jA^"l l ^ a e cjUJI <lO jJl ^^3 h y — - 0 cU^LLJl <UaUll Ul 

dx 2 

ijj^j ois" 4 grujUx^-i j-ai^j ^s- j-aju-j oi s_- ^»UJi I^U- oi j*s- y = sin x, y — cos x 

y = A sin x+ B cos x Sjj^JO asjl* ? UJI JJ-l j A,B 


x— = x + y , x > 0....(1) 
dx 


: ibUil JjJU- ju-i y=x In |x| - x oi cU 


tgol c~o ^ j x >0 oliuUI j j» 2LJU- y = x In |x|-x SJaUAl 01 

( 1 ) ^ jJiLil Js-i ^jcJIj ^ j-Aj ( 1 ) UU^UaJl 2JaUAl J J^-\ 

LHS = x— = x(x. — + In I x I (1) — 1) 
dx x 


—2 — Jlu 






= x.(/ + ln x|-/) = xln 


x 


RHS = x + y = x + xln|x|-x = x.ln|x| 

. ( 1 ) cJUslidl *taUjU U^U-I J jJbi-l JL^-l aUaxil 2UUJI iil 




-3 - JUu 

2/-y = 0 aJaUuJlS^ t a e R «, lny 2 = x + a oi^u 


lny 2 = x + a => 21n|y|= x + a => 2 — (/) = 1 

y 

=> 2/= y => 2/-y = 0 


lny 2 = x + a 


<? 



—4 — Jlia 

6x aJULbJi y= x 3 + x-2 jjs 




y = X 3 + x — 2 => — = 3x 2 + 1 
dx 


d 2 y 

dx 2 


= 6x 


d 2 y 

dx 2 


= 6x SJ^L*_<JU ^ jjfc y = x 3 + X — 2 <lJLc-j 






-5 - JlL« 


. y // +4y = o aJU?Udi *>b- y* y = 3 cos 2x + 2 sin 2x oi y>y 


y = 3 cos 2x + 2 sin 2x 
/. y' = -6 sin 2x + 4 cos 2x 
y" = -12 cos 2x - 8 sin 2x 





: lJ jJaJl (2) c (1} 

LHS = (-12cos2x-8sin2x) + 4(3cos2x+2sin2x) => 

-1^eds2x - 8 sin 2x H-Jjkros 2x + 8 sin 2x = 0 J, ^ 

= RHS 

. a^i 1?- j* y = 3cos2x+2sin2x oli <uLtj 


-6 - Jli# 


• yy"+(y , ) 2 -3 x = 5 ^ y 2 = 3x 2 + x 3 J-® 


Y y 2 = 3x 2 + x 3 => 2yy' = 6x + 3x 2 => 

2y(y")+y , ( 2 )y , = 6+6x 

yy"+(y') 2 =3 + 3x=> LHS= yy^+ (y')-3x = 3 ^ 5 

^ RHS 

a^Lc-l 4JiL*>oJJ ^/L?- ^ y 2 — 3x 2 + x 3 ^ 






-7 — JlL« 


. y* + y / — 6y = 0 2LJU?UJi ^LicJU ^b- jj*> y = e 2x + e 3x 01 ^ 


Y y = e 2x + e~ 3x => / = 2e 2x - 3e~ 3x => y' = 4e 2x +9e 3x 

j— jJaJl ^3 Jolj 

lhs= y'+y'-6y 

= (4e 2 * + 9e~ 3x ) + (2e 2x - 3e 3x ) ■ - 6 (e 2x + e 3x ) 

= 4e 2 * + 9e~ 3x + 2e 2x - 3e 3x - 6e 2x - 6e 3x 

= 0 = 

-RHS 

tM jWaUJ 'h- y = e 2x + e“ 3x oX, us. } 




: <Ljj ju . 1 


a> (x 2 -y 2 )+3xy— = 0 

dx 

b, ^-v + x— -5y = 7 
dx" dx 


dy 


c ) (y w ) 3 -2y / +8y = x J + cosx 


d > (^|) 2 -2A 5 +3y = 0 
dx dx 


y"+y = 0 y- ja y = sin X 01 ^^.2 


cPs 

dt 2 


■h9s = 0 2UiL»tJU ^ s = 8 cos 3t + 6 sin 3t abUJioi^^.3 


? y^+Sy'+y = x JbUJU ^ y = x + 2o'Jj*.4 


? y" = 2y(l + y 2 ) y = tanx Jjs.5 


? y 3 y" = -2 y*- 2x 2 + y 2 = 1 Jj* 6 


2 , ..2 


? xy"+ 2y'+ 25yx =0abl*JJ yx = sin 5x Jjs . 7 
a g R £•*»- y'+ y = 0 aJauuJ ^ ja y = ae“ x 01 • 8 

y" = 4x 2 y+2y aJaijuJl) ^jacg R > ln|y|= x 2 + c o'^ .9 


\ 

[ 5 - 4 ] 

J 

: <La-ULa 

cijjjtll jj>j i. oL-L^t ^s- ^jJL c£' t 2 _«L»j»J ^S\ju> J utS’ jjfc 4— L^Lixil <Lbl*il J^- 01 

2LJU?Uj Ji3 0^ 01 ^ <j] . SJb Ji3 (3 j-iLil Sjj^Jl ) J+?Uj j~£s- ib*jl jiu: ^ <01 

a^jjcw £j ^jl ^1 j*— IgJb- j£s ^1 LJUbUJl o*^UAb <uJLfrj . iiijytU S_J JljjJl *J*iJj J*- 

. ^UJl LgX?- ^s- J j~aJ- 1 Uaj jJ? 

. y j X ^j*^! 2^-jjJlj ^Jj*il ^-0 jJl y» 2_Jo?0iJl 0*}bl*il Jfi j~c J „ig all I Oa 

Lg_^a ^»Ip J^- ib*jl ^^oAl jj> j* -J <UI 2 U" ... < jj^j jjj 2 _Jo 5 | LLJI 0*}bl*Al j-a ^-j^Jl I 01 

0*ibl*Al a -La j*— «-3j j^-3 ‘O-LC'j • J-^t-L! 2^1 p iuL jJ? y *^j t >UIp 3jj-^j 

: 1 « » ft! t ^4 jjl 3-U ^Jl 3 j-CiLya <uj jJaj 
. l$jl j_«*aia Jw^jLj 0*}bl*Al . 1 
. £jjJl y* 4JU?Uj 0*}bl)ta .2 

. iLaU 4^U?Uij O^bLva . 3 
. ^ jj jJ <Lbl)ta — <Lia+ 4 JU?Uj 0*}bl)ta .4 

. L*^-«b- ( 2) j ( 1 ) jps- j^Jl ^s- j .ii ?"3; .-i Ji .i ff al l 10 a 

: 2_j' jll iLLO’Oi^Jl <Lbl*il 0+U %!lo3 

D^ = F (x,y) 
dx 

2)M (x, y) dx + N (x, y) dy = 0 

N(x,y)^0 , M(x,y)^0 c~^ 

>Aia dy = 3xy : 4JULLJ! ibUUi 
dx x + y 

(3xy)dx = (x + y) dy 
(3xy).dx - (x+y).dy=0 
M = 3xy , N = (x+y) 


J^JiJlj 01 j^jC 


01 C* 


. 2_J+sLaJl 2Jil*II Jj>- <3 jJ? j-ij-L - a -L-Jl 


jIzju [5—5] 

Separation of Variables J-aaj c/XaUii : *ij! 

Jaii X ^s- JS J j*j 01 lg_4_^ >1 jg fej LoSj jj> £jaJ I IJla ^3 

: *wJLH dy Jaii y ,^1 ^_Jbr ^ dx 

f(x).dx = g(y)dy ... (1) 

0 j^~3 ( 1 ) ^3 jb *0 

J g(y)dy= J f(x)dx+c 

( Arbitrary Constant > c 


dy 

dx 


= 2x+5 


-1 - jn. 




— = 2x + 5 => dy = (2x + 5)dx 
dx v J 

J dy = J (2x + 5)dx => y = x 2 +5x + c 


dy _ x - 1 
dx v 




-2 — JlL* 




g(y)dy= f(x)dx ajj^aiO ibUil J*4 

ydy = (x-l)dx 

■ | : JA&Jl .ii*b 

J ydy= J (x-i)dx 

1 2 1 , 

— y~ = — x" -x + c 

2 2 

y 2 = x 2 -2x + 2c => y = ±(x 2 -2x + 2c) 2 

i 

= ±(x 2 -2x + c t y 

( C ; 1 Usjl c 'J 2 C j\i c-jU C j >>S) 






-3- Jh, 


y^(2n + 1) 


n 

2 


, cos y ^ 0 dy = sin x cos 2 y dx aJaUli 




g(y)dy = f (x)dx >4 


— — dy = sin x dx : c$i 

cos" y 


sec 2 ydy = sinxdx 

=> J sec 2 ydy= J sinxdx 

tany = -cosx + c c^U c c-^ 


-4 — JlL* 


X= 2 , y= 9 U Jjs- y'— xjy = 0 5_JLjpLisJl italall Jj>- JLsr jl 


JJ - 1 


y ,_x Vy =o => — -xy 2 = o=>-^ = xy 2 

dx dx 

y 2 dy = xdx => J y 2 dy= J xdx => 2^/y = -x 2 +c 


dy 


2^9 =-(2) 2 +c=»6 = 2 + c=> c = 4 
2 


2^fy=^x 2 +4 => y = (— x 2 + 2) 2 
2 4 


X— 2 5 y _ 9 

JjM • • 








-5 - 


x=0 y=Oc^ — = e 2x+y aJiUii 

dx 


— = e 2x .e y => e y dy = e 2x dx 
dx 

-Je- y (-l)dy = Me 2x (2)dx 


-e y = - e 2x + c 


' __ 0 1 _0 

=> -e = — e 


-i=i 

2 


_-y 1 _2x 2 y 1 2x\ 

— e - — e — =>e - — (3-e ) 
2 2 2 


J__ 3-e 

Q y 


2x 




x — 0 , y — 0 jffLj ^jcJO 

__3 

2 

: jjs J^-l Oil 


e y = — — 


3-e 


y = In 


2x 


3-e 


2x 


: jJaU In j+l > j 

dy 

(x + 1)"^— — 2y ; dJiL*^jj ^uji jj-i jj?- 


dy = 2 dx 




-6 - 






y x + 1 
In | y| = ln(x + l) 

In I y I - ln(x + l) 2 = c 

, lyi lyi 

In — — - = c => — - — 7 = e 
(x + 1) 2 (x + 1) 2 

I y 1= e c (x + l) 2 
v =±£ , ( x + I ) 2 


dx 
x + 1 









: Olj-iiil J-sfli &L) jhj 2LJ*i1 aJUpUJI 0*iiUAl J^- 


a> y'cos 3 x = sinx 


C) ^ = (x+l)(y-l) 
dx 

e ) yy' = 4^/(1 + y 2 ) 3 


b) — + xy = 3x , 
dx 


x = 1 r y = 2 


d> (y 2 +4y-l)y' = x 2 -2x + 3 
f) e x dx-y 3 dy = 0 


g) y' = 2e*y 3 , x = 0,y = i 


dy 7 2 

a> xy-f + y=l-y- 
' dx 


: aJULLJ! JJ-! ^ - 2 

b)sinx cosy — + cosx siny = 0 
dx 


c> x cos 2 y dx + tany dy = 0 d> tan 2 y dy = sin 3 x dx 


dy 7 2 

e> — = cos - x cos y 

dx 


^ dy _ cos x 
} dx 3y 2 +e y 


g) e x+2y + / = 0 


Homogeneous Differential Equation 2LJU?UJ1 SJaUil : LjU 

Sjj^j cl jJl ^3 0 jio J3 jisJj U_J ol j-Jcdl J .if?al ilLli c~~J ilbl*A! 0 Ji 

fijjis 0*1) jj£*J ^ld^«aL) Cl!ij J.iig aU Hjli 4 J^I*j 3 tgJL jJ- ... ' iL~*j3 

' n '' ^ « '■ ' Uw ibUll ‘ LmoLtcjiU clcHJl 

dy =f( y) 
dx x 


dy 

dx 



/ Y 



vx ; 


:2U*5ll j£c (x 4 + y 4 ) — = X 3 y : ibUll *lui 

dx 

X 4 ^ 0 ^gJLc- iu-^aJlj cUij 


-1 - Jli. 


? 2 Lcb*^a 2 Lj*il IJUpUJI o*iiUII ju 


2 V 

dy _ x 2 

dy 2 y 
dx 2xy-x 

dx ^ xy x 2 

y -+ Q '■+ ■■■■'' •C-.Oj 

x 2 x 2 


* -I* 1 

OCbji^a iltaUl! 

dx 2(— ) - l 


X 

2xyy'-y 2 + 2x 2 = 0 2UU»UJliJaUil (2> 

2xy , y 2 x 2 

y y‘ y +2 =0 

2 ' 2 2 

XXX 

:^j x 2 o IwJj 


2(— )/-(— ) 2 + 2 = 0 


X 


X 


< cdx^a 


*=f 

dx 


/ \ 

y 

vXy 


dy , x - y 

— =y = — uuudi^uii ( 3> 

dx x 

: L^uLS" <LS*^ oCb*^a ^ ataUil ala 



Awjbull Aaj jia 


: Ol jJajM £~b 1^1?- Jp jk J Ljli iLL^bLJl itabdl C~ilS” lil 


x J aJb jaj jjj^ jjcj* v c ?- y = vx 3 \v= — y* jpyu ^ — = f I ^ 

X dx 1 


Sjj ./)ll I l^.rvi ( 1 


xy 


dy dv x J 5 »Jb y = vx (2 

— = X bV 

dx dx 


dv r/ x dv . 
x — + v= f(v) =» x — = f(v)-v 
dx dx 

dv dx 


2 j 1 ij \ j J 2J jJL ( 3 


ol j-aiU -bu (4 

f dv f dx . . . , _ 

V , X 5J*^.Xj J^-l ^s- J — J b C jji jJaJl J-al^j i^-b ( 5 


f(v)-v X 

dv f dx 
f(v)-v ' x 


y, x 


»cdl 3 J*}?Jj dJilail ^S- y = — j £■ £)3's >X*j J£yu (6 

X 


-1 - JU, 


o 2 2 

y' = — = — 3JU?bbJl SJiUil b- 

2xy 


X 2 0 ^s- ^£*^1 Jp Jb ^Lailj J2~*wJl iu-^JL 

. 3(— ) 2 -1 

dy _ v x y , 

5— <Lbl*il 01 . — >”(i) 

dx 




2 (— ) 

x 


dy _ 3v 2 -1 
dx 2v 


( 2 ) 


J^JiJb ( 1 ) <Lbl*il ^ ■ ■ 'i v = — 

X 


dy dv ... 

y = vx => — — = x b v ...(3) 

dx dx 


2^ (2) </ (^) j* 






dv 3v 2 -1 dv 3v 2 -1 
x bv = => x — = V 

dx 2v dx 2v 


dv v 2 - 1 
x — = 

dx 2v 

1 . 2v , 
— dx = — — dv 
x v 2 -l 


f — dx = f ? V dv => ln|x|= In v 2 - 1| + ln|c | 
x J v 2 -l 


: ol J n a ; 


In x = In 


c(v 2 - 1) => x = ±c(v 2 - 1) 


••• v = — => x = ±c 
x 


4 -! 

X 


=>c = ± 


X 


2 2 

y -x 


dy y + x 


UtalaAl 


dx y- x 


—2 — 






dv 


dx y _ 1 

X 

Q v = -=> — = (vxl) + x— ....(2) 
x dx dx 

dv v+1 : (1) J ( 2 ) 

v + x — = 

dx v- 1 

dv v + 1 dv 2v-v 2 +1 

X dx _ v-1 V ^ X dx _ v-1 ^2v-v 2 +1 


v-1 . dx 

dv = — 
x 


-lr 2-2v , f ax — i 

— dv = — => — In 

2 j 2v- v 2 + 1 j x 2 


dx -1 


-i 


2v- v + 1 


= In 


cx 


In 


\l 2v-v 2 +1 


2v- v 2 + 1 
= In 


= In | x| H- In 


cx 


In 




=> V2v- v 2 +1 = = 

l cx l 

=>2v-v 2 + \= ^~ 
x 

= x 2 +2xy-y 2 = k 


1 + - 


(3x-y)y'=x + y abuiij*- 


x ^ 0 ^ 


-3 - Jlio 




& 


3x-y 

dy _ 1 + v 
dx 3-v 


3- 


x 


..XI) 


y dy dv 

v v = — => y = xv => — = x — + v ...(2) 

x dx dx 


dv 1+v 
x — + v = 


( 2 ) ( 1 ) Lr* J* J" 


dx 


3-v 


dv 1 + v dv v 2 -2v+ 1 dv (v-1) 2 

x — = v=> x — = => x — = 

dx3-v dx 3-v dx 3-v 

lj 3-v A \ A — [(v— 1)— 2] 
x (v-1) 2 x (v-1) 2 

^ ' ** — dv=> In x =-ln v-1 

x ' (v-1) " (v-1) 2 

2 


Jidx.j^dv.J 

A 

In x = -In 


v-1 


In 


y-x 


i-i 

x 


-2x 

y-x 


fc 


— 1 


X 





dy _ x 2 + y 2 
dx ~ 


2x' 


2 dy 2 2 

2x — = X +y aJULbJ! ? UJ! LM ^ 

dx 

K (1) ; JLJ^I ^^JLc- L^jLS' jSCc LJUslaJl 3taUil 


1 

T}H 

1 






3^-jjJl 3Jb jjfe cO jJaJl ^ t? ; ll j*» 01 jj> jjjbxJl 3Jil*il tJJt ^ j 

: Oli^JUbj y = VX : j£ Je yu oJUJO 3+bJl 


dy , dv 
— = v+x — K (2) 

dx dx 

dv x 2 + x 2 v 2 
v+x — = 


dx 


2x" 


S ; +( 1 )^( 2 )0r a u^i^ 

_ x 2 (l + v 2 ) 

2x 2 


dv 1 + v 2 
x — = v 

dx 2 

dv l-2v+v 2 

x — = 

dx 2 

2x— = (v-1) 2 
dx 


dv 


1 dx 


(v-1) 2 2 x 

- 1 1,m / 

= — lnlxl + c 


01 Jjf- jJaU j+L)j 


V-1 2 


V = 1 


ln|x| + 2c / 


: 01 {£\ C 

_ y . 


: ^^Lc- J -^»0 3 3 JiUII ^ C — 2 C ^Osjjj v = — 0 + 

2x x 

y=x -]^ 




: 2Lj*^I LJUsUd! j* yS J^- 




X 


2. (y 2 -xy)dx + x 2 dy = 0 

3. (x+2y)dx+(2x+3y)dy = 0 

4 dy _ x 2 + y 2 
dx 2xy 

5. (y 2 - x 2 )dx + xydy = 0 

6 x 2 ydx = (x 3 + y 3 )dy 

/dy y x 

7. x(— -tan— ) = y 
dx x 


Chapter Six 



Space Geometry ^-A-kL\\ 


s j*o L ed I L ^'■'n «l Ij 1 1 t 0 j' !jj I 

^Jic 


U 

[ 6 - 1 ] 

[ 6 - 2 ] 

[ 6 - 3 ] 


4 > woLj^JI <iLsM_JLJI gf 

£ i u i i 

^ ^ 


(X) - AB - (y) 

(x) . (y) jo Ao>9jJI AjIjjJI 

(x) 



• [ 6 - 1 ] 

v J 

Ajgv:* j~S- AS- j-o^u> iJ y> *A S" 01 Audi- Olj 

[bULa^il ^s Cw^wJ Jaij O^Aj J5“j JaiiS Lo-Ob. MwO 0 ^ V W < L 0]^ 

. «.Aja3 jyu J^-\j ^ £Jij *}? Jaii <bjjl J Sj i Jaii L ys*j> jyu aJ^-lj 

^jJ^j Jil l _ ? Lfr Jaij O^Aj l? LC' (J Jil t< Js- jjakij ^Js ^ j^u ^-Jh~J.I 01 

yu. w« ^3 U.».-o.>- Cw^wJ jjJ-aj Jil ^is Jaij ^is ^s jOJl j t ^->ai»twa I^j_^ij 

^jja^j laftjjj OL O b.Jb~J, 1 jru Oli*VAP ^^oAaJI Ui .iigll ^ Li yu L*b" 

. J-^iJl lila A^JLc- > aJjJjr oby ^i A^a« a,sli*^l ji^c ^sJl oLaj-J.1 

i oL_^~«Alj oAa-Jb^Al gjj Oli^At ^s i-ijjcOj Ljw J^l^aJl y» j^*»ai ^^Jj 

*b^-l Jl jJl *}?l dA-b b^ y-\ oLa j~« jA j~<j aJjJ^- j*_J6LLa oL ^a~dlj oL ^a~Alj 

. <lajLmJI ajlmJI ^ jil IAa ^ b 




ffi- 1 ] 1 /i JJ V 



. 55 " yJij> ( Edge ) 5 ib- U_gJ ju . 

>l£l : 4 -y^-jjJl 5 jjI jJl 


jru tt jj* J 5 " ( Edge of Dihedral iujljJll <«3 j. ?- )_< 55 " yLjoil 5 iL^-l 


( 6— 1 ) ^3 L»5" ( 5_^-jjJl 5jjljJl 4^-j ) j 



(6-1 > J5Ll!1 

Lal^-j LoJfc ( Y) j (X) c *L^-jjJl 4 jjIjJI <«3 jp- jjs AB 


(X)-AB-(Y) ^ 

• c£ j?"\ 5jjlj IS" ^-iw« j*-! 01 4-^-jjJl 5 jjIjJI j-aj Jiij 



*L^-jjJl 5jjl jJl 

-< — ► 

(X)-AB-(Z) 

◄ ► 


<X, -AB-(Y) 

M ► 

(Y)-AB-(Z) 


(6-2) J5Ll!1 


. A^jj Ajjlj ^ yS\ ^ 5 j^JLa AB <3 o^ Juil IJL» A B J^jl> 5jj 1 jJl 01 j^c 






Vi: 


< ij ijj < II 'I JaLfij ,*_ijl La jLc. 

‘LjjIjN j* A - B C - D ‘4^-jjJl SjjljJ* 
(6-3) J^iJl ^ . (ABC) , (DBC) L^ 




A D 



(6-3) JiLiJI 


2 js^xJ I A.B &S jJlLJ LI iLil^l 13 i]aJL> JU^lj Li I ^ C^ Lj1-> ^ 

<u^-jjJl 5 jjI jJl L) j^~3 AB «J s j^-l ^Lp (Y ) D E ^ j>oj»JIj (X) D C 

JiLiJl ^ LfcS" ) . <L^-jjJl ajjIjJJ SJjUJI 5jjIjJI C D E 4jjI jJl ^a-wJj C D E djjl jJl j^iLi jA 


(( 6 - 4 ) 



4jjI jJl Lj jJ j>-l OjL-*j 


◄ — ► 



(X) - A B - ( Y) 


■< — ► 


◄ — ► 


Lj jj J 

► ► 

DCC ( X),DEC (Y> 

► M ► ► M ► 

D C 1 A B , D E 1 A B 


(X) — AB — ( Y ) jl A B 2 jj! jJJ 5jj! jJl C D E 



[6-2] ■ ^ ^ •* 

ci ja- OLo L*L)tL^ 4 jjI jJl ^st : <ijj 

^ U 

JT J <U' LjljJl 

IjJ aJJUJl 4 j SjjIjJI 
_^__o J^j a la A < 

jw j\ 


Cfujii oAv \ ^ v^xj t*_M cloj^ju <zj-» ^ 

C*jU 5jjI jJ SJjIp <ujlj j-iLi ( 1 

. l^J aJjUJl j-iLi 5jjIjJ| j*>Li (2 



[6-3] ■ ^ 

OliXabcW jjJ Oli *L^- 

^jJl 4 jj! jJl C»jlS" lil 


◄ — ► 

(X)1 ( Y)<=> ( X)-AB-(Y>= 90° j^Li 






: ( 7 ) iiA 

£• bp j ^5>UuJl ^Ic- ^3 ^ j»*> jll Ob .ubb lil 

^ ^wwvb ' 



:<=ui c5l 
(X)l(Y) oiriii 

(X)n(Y) = AB 


CD <z(Y),CD 1 AB 

CD_L(X) i>U 

< > < > < > < > IcbL^JlAi 

(X)l(Y), (X)n(Y) = AB, CD c (Y),CD 1 AB Dikfc^ 


CD1(X) 


:<=uL5l 




^ ^ *- ■ A Iff • - 4 i»^j ^ DE _L AB (*— ’y ( X > ^ 

( <U jkc4 likib 4_j 

CDc=(Y),CDl1^B 

(oJjl*Jl 5 jjI jJl ob jaj ) (X ) — AB — ( Y) <u^-jjJl 5 jjI jJJ SJjIp C DE .’. 


l^J aJjUJl 4 jjIjJI j^Li <L^-jjJl <bjljJl 


m <C CDE =90 c 


CD ± DE 
CD1(X) 


( OI^UbcL® Oli 90° jru djjljJl j*)Ljj OlS" lil ) 

bp y>£- O^po idaij jydsUL^a t jy>-k"..»wa j^*Jl ) 

( U_§J_^«*w3 



: ( 7 ) 

jikVl uj . aII ^jJc. LiJ j a<- LoJbJ^I 4 t-i a'l (j-o I p «a“ . ,. aII a ^ Li j"i inn J_oLx Ijl 

** ** 

.«ui 







B 


:<=ul c5l 


CD1(X),C e (Y),(Y)l(X)^CDc(Y) 


: (8) 4_J6 j~a 

l C gl^ Lj v 0 ^j^n_j gJ-£ i C ^ ^ j fl ^ C j 'wJ Ji 

j>VI ^ (f bi Obji-Jl X»Uaj jt 



:<=ol c5t 


=>(Y) -L(X) 


aTi(X) 

ABc(Y) 



:<= uL_>J 

(Y)l(X) 

(X)n(Y) = CD 

(2LT j^LjwJl JsULJl B G CD 

(*-5-*“^® ^^y^ (*-s-*“~* w ® “^rj^ j^i) g ^ _|_ (^ Q (X) ^ 

( <la jJjta * h a j 

<^) ABJ_(X) v 
) AB ± CD, BE .-. 

( 0 jjl J^a OjUJIj ^ 51 

(L? k^a) AB cz (Y) •.• 

( 5 JjUJI SjjIjJ! iju yu ) £ Q S^jjJl SjjIjJJ oJjIp ABE .. 

( ABlIs?^) m <C ABE =90° 
Ljl ijJl j^Li lSjI-o Vrj^Jl 4 jj' ijJl j^Li) (Y) — CD— (X) = 90° Vrj^' ^<j' >!' •’• 

( j-oCjbj l^J OJjUJl 

o 

OliXabcLa Oli 90 <L^-jjJl 3 jjI jJl j*)Li OlS" lil ) (Y ) 1 (X) -•- 

^ .S> . y 


: ( 9 ) 2_jSj~a 

^ ^IaII ^ j^s~ y *^* j y~~*~^ y ® ^A**® ,_s ^ y*^ y^ 0 %".:***** ^y 

:<=ol c$S 
( x ) t ^^>AB 

t£ y*j> Jj>- ^3 

( X ) ^ 

:cZ'I_^ju\J 1 

◄ ► 

( X ) ^Js. (Ji y>s. jJ. AB 




:<=uL5l 

( X ) ^is- AB ^~~ a iLs»tjl 

V 5Jaij J^> fjku> y^j> ^Js- *^rjJ) AC _L (X) (*~° A (A) dJaij j^> 

(<lJ1 

oui?u^4 AB > AC '•' 

( U_$j_pu — w5 J^-jj J^J ) U_£J_piJ ( Y ) J»L« J^w4 .’. 

<8i-*o (Y)-L(X) •'• 

^31 <sl!P ^—3^? 

( X ) ^Js. <jsj*s-j AB d>yn j^' ( Z ) 

(OU^JU) AC 1(X) V 
ACcz(Z).\ 

^ ^ ^ $ j j^j A^"j _^~~4 J^J ) (X ) = (Z ) .’. 

: (9) 


I a j < U I a", p. iq"' i ,| n jli cJB j)~w 1 1 fi ^ l<~ Lj j a<~ Jj n U I a" a ( j^jjp i n n j^ J_,L^ I jl 

. cJLlll i n all ^ l<~ LsJ j a<- 

(X)n(Y) = AfT 
(X ), (Y ) _L (Z) 

:<=uL3i 

AB±(Z) 

:c^Li? _ / ^JI 

(Z)^Loj^t ABj^C^Ol 

(9ij6j~a) ( Z ) ^Js’ AB j-» AS"I UJ 

AB_L(Z).\ 

. illij JjLa. < <L1 Aj_ia 1I 6JJb jJ (_£jA.I JjjJa : ial Ju 





D 


5 cm 


-1 - Jli. 


A ABC J 


B BD±(ABC),m<£ A = 30° 
AB = 10 cm , BD = 5cm 


D — AC — B V’rjjJ' ^ 

:cbl_kAt 

BD 1 (ABC ), m<C B AC = 30° > AB =10 cm, BD = 5 cm 

:<=uLB 

D-AC-B kjijJi 

:cI»Lp _/ 0i 

j -o-C- -L«?- j ®-*~* w4 ^ sWa'i ^3 BE A AC (*■“'’ A (ABC) 

( *u jlsw idaiLj j?-\ ^is- 

(Joju>) BDl(ABC) v 


(tfteJ' oj^^I DE A AC /. 

( oJjUJI SjjIjJI ^Ju yu ) *L^-jjJl 4 jjIjU SJjLp DEB<= 

51 OLo-JL ‘u A' ^wo^- Ip y ±£- ^ j^aJ 1 »=—!') DB _L BE 

( a^jl Sjlllj ^ 

B ^ kjijJl ^li A DBE 4= 

E j'jJi ^JLaB A BE A ^3 
BE = 5cm 


Sin30° = 


BE 


BA 


2_ BE 
2 ~ 


10 


tan (BED) =- = 1 
5 


OJjIaJI 4jjI jJl ^Li jife 4jjI jJl j^iLi ) D — AC B 

( J-AaJLj l$J 


ADBE J 

m<C BED =45° j-M •*• 
45° 






—2 — Jlia 


jisJj liLia ABC 

AF _L (ABC) 

BD1CF 

"BE1CA 

■Ol c>^ 
BE _L (CAF ) 
~ED ICf 


: cL'L^jlH 

"aFi (ABC )# IF 1CA, bd" 1 c f 

:<=uLjI c-> 0 m yl^Ai 
"DE _L~CF ,1e 1 (C AF ) 
:cAIs> 

~AF _L (ABC) •• 

l _ ? i£ y>S- ^Js- iS jZP-\ lil olj .XaU^j: 8 bjts j~a) (CAF ) _L (ABC ) 


(ls^ 4 ) 

^ S ■ ^3 ^ j~c jil Olj >Xal*J lil : 7 J~a ) 

( Lo y*s- 


BE1CA •■ 

bFi(caf).-. 


C^ 4 ) 


( 3*U^I 2Lfej~« ) 


BD1CF •• 
Jd 1CF .*. 






-3- Jli, 

OI*Lal*^a Ob_p~wa (Y),(X) 

Atfc=(X) 
AB BC, BD 

«-o ^Js- C,D ( Y) ouigfljj 

:c>l 

CD1(X) 


◄ — ► 


^!^C,D^(Y)0UH ! j ab BC ,BD c AB c(X)c(X)l(Y)^l 

:<=uL5l o> 

CD1(X) 
: cOli? 

I J— ?-j b -L ?- jj j’^J^UL^a J-wa-JL ' -.wa Ji^J) BC >BD eg J^wa ( Z ) jibJ 

( C-£j_pu 

(^) AfTl bc,bd ^ 

AB±(Z).\ 

( l o. ^ J j^Mwa by j jtS- O^SsJ I /> ^ » Ul S" j U h i ^a jyi?ULia ^-w^bL-.^-a j^aJI ^.bb..»bl ) 

(^a) Affcz(X) v 

(^-Vl Lp (*-»&S~~a UaO*-I tS y &- 1 151 Ob Xabcu) (X) _L (Z) .*. 

(J**) (X ) _L (Y ) v 
( U-g- ^ a JS ^ s y^> ) (Z)n(Y) = CD Olf U.j 

CD1(X) .*. 

^S- Lo ytS- 0j5sj L»-g.»J»Ub j*_Jb^wa Oli sOJb' ^S- by y>£- jyti^UL^a j^u j-a Jb" 015" 151) 

(" OO bj 1 i C 1 


^ -p 




. Igi js>- p Li jjiS- d j ‘LjljJ 3*LL*Jl <L iLjljJl is 01 j-& jj . 1 

. 0 I.LaL*Pa j\J jli j3-l ^Lp Li y*S- j LS”j L ji»*wA ^_Jjl.>wA ^jlj lil 4jl ^jAjj . 2 

• ' | -/? ' ' ^ ^ Li ^‘ ■">. V -’ L ^'-Jj ^ 0 ^ ^ J Ci ' 1 C ^ 01 ^».a Jmi . 3 

cols' lili E g ~BC" > AB = AC c~*j j ^ C~~J J?UL £jjl A,B,C,D .4 
. CD = BD 01 A~ BC - D L-rj^' ajj'jJU oJjLp < 3 ^ AED 

OL ^^aJ^Lsjmo ^ 70 ^ v*wJ ^Op ^ji j?,- >'> ,C" LL ^ La ^Aa*a L LLp ^w^m«pl-.vwA Or® J* 2 " ^j'j '■*' <u ' OrAH • ^ 

. jIaII ^ j^Lp Li j^p O^Snj j\*J?LLill LbUL ^-JL-^-a 


(CDA) 01 . aylJJU A It 0 I D C Uj J^mwA ^gjp v_£i J^P AC c AB La jiai 5 jjli . 6 

. ( CDB ) ^i j^p 



jJLmuo J^UL^I ( 6-3) 

me Orthogonal Projection on a Plane 


. a la A ■ 1' y^Llj j^a jJJ 5 j^xJl jj\ jJb • ^ i iii * >1^ 1 iii 0 ( 1 

jJfe ' ^ W a . ., a j ti vj jjjJ I ^3 J? LfiJ ^j«a -V>- L • cS a ■ ■•— ■* J2.d-> C» >i? B m f ( 2 

. jdL«<dl dJ^UL) ^a <La j_*j jAl 0>.La^*^l jUl Jw *L£- j«a^ta 


^ jiL aiJjil 4*k3 jA c/dc- 


< S U>«5 a^ruC- 


- ( - L - 



^ 4»1? all j-» jry® j~*> jll ^p 

(X) 4* y**- y4 AB jXJ 


Cj*(X) Js. A Jai_. 4= AC ±(X) 
D^a (X) ^BJai— <= BD_L(X) 
CD y < X ) Js. AB Ji« — • /. 


AB//(X) u^lal <_!«-> 
AB = CD 


^J^Jglij ja: c^i^( Inclined Line) ^aT,„M (4 

. ^ j^d! aiai^a j jjiUj L jljJl ^ :( Angle of Inclination) cfJI «u^U’ (5 

B^(X )L? JU^la AB j£J 


AC ±(X)^j 



A £ (X) (X) ^gJLc- A h3L~j> C 

B g (X) B dJUii" 

(X)^Lfr AB bc <= 

o<e<9o° 01^1 

0 e (0,90°) 




ka<A I cJ (6 

Js-r- A ♦ U Q t? 2 J 


BC = AB cos0 ^ BC <U2JL~aj 0 <lL« ajj'jj (X) L? Lfr *5/Ul« AB o^Cla*u*3 

(X) c^lc- (Inclined Plane)cJdL c $ (7 

A •_ ; 4jjl jJU flJjlaJl 3 j < ijjl jJl ^ jJ^a j^Mwa djjlj 

J.A! dJjUj 2SW-U d^-L^wa = ^ jlsta ^ \S- dJjla 2 aW • a tgfl.^a 4^-L^wa 


A r = A.COS0 JA' *9jl} 0 ‘ Jai-Al 5j?-L«wa K l <UjUI 4fll?:U iL?-L*wa A 


—4 — Jlia 
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. I J-o LaCLa (_gjILuxJ>l ^j-ic. L^.ixLA jjLa Ljlsua L_j_uotc> 4_a_iL5 <Ljlj ^jJuL-ia I I jl 
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B ^ ABC 

* ab"//(X) 

(X)^Lt AB Jai~~a JA A'B' 
(X) BC k i i .^a ja B'C' 

: <=uUt 

A'B'IB'C' 


x 



: cL>\s> 


J**-* 


AB Jai-w* A'B' 


BC B'C 


j^*Jl jjL) OljJzi ibtkiJl jJ6 ^ j-bta ji~«wa ^ £■ a 2«U<» QQ / I BB r , AA' A (X) 

. ( -U>-A ’— ' 4*1? fill ^3 jJ 0 ya <_£ ji»*A O' -4 J-*a jll 


( obji yj> j^~\j y~*~a ^s- obi j^*Ji oU-jii-Jki) BBV / CC 7 4 AA r / / BB r 

(Y ) jyu AA c BB ^jrujl jii.' tjua-JLiAb 

(Z) gJAJ BB' 4 CC'^uji jAl 


( U_$JjiAiJ J4i«w a JJ yjj I jia J^>1 


< J*") 

( Ja^tj Ob ji~Al Abba ) 

*brbJl OU-Jb~ A (^jljj 4jli L« jAa^ b y~~a ^ii^wa c^jlj 101) 

( ^ j fl ~ 1 1 i C y>- ^0 1 Ob j4»*vi 1 j i C jjiwAl IkLft ^Obb ^ja 
CbbJ 1 lJ -U- bi y* £* OjAj . C i j^aJI 1 J 

^ ^ji-w*0.1 0*Lli 0^^^ ? jJ 1 ^a 4^ j^a ji.1 
j 1 y~a bA^" 1 ^Li* i c i 1 ^ ^ i 1 bAb?* - 1 jJ 1 , j jji**Jk 1 ^ 

(y-^n bi j^t ojSL 

(^ M <c ABC =90° crt) 

OjAj Ubb^A?Laj idaij ja joAUba y<t~JLL^ua ^S- j.^*Jl ^.Jb.A.1 ) 

( b)B.^J J^BBWa bi J^P 

( y *~ *L 1 O-i’ bi J b ^ b C 0 ^jujj 1 jia ^jLpa» ^ ^ * ^%*wa b-L^ - 1 . C i j ^^aA 1 . j jj ^wbO ' ) 


AB//(X) 


(Y)n(X) = A B' 


AB/M'B' 


BB'A A'B' 


AB 1 BB' 


AB A BC 


AB A(Z) 


A r B'A(Z) 




A'B'IB'C'-’ 


-5 - JlLa 


A 



AB = AC = 13, BC = 10 

:<=uLJ\ cy 

(X) ^s- /\ ABC l?a ,«a ibjtjlj (X) ^s- /\ ABC \}Q.m* 

: cOIp 

( ‘L 4 A*” a dJaij s- iytS- j*_-i ij ji^C ) D ^ AD _L ( X ) (*— 4 J-> 


ij, jib 2«WSll jjfe ^ j-r ... a ^le. t _S-r .„ a 2« Wn U3...a) 

( •U>--iL ' -..J.'' 4»1? all ^3 jJ? o 1 - 4 j— 4 jAl j^»aJ| 


AC JgJL.^wa CD 


AB BD 


(X) ^s- <L^jjj JaiL^BC 
(X) ^gJLc- Z\ ABC ka.,.^ 4 Z\ BCD .’. 


^ (*— >j j£*£ *^'A' E ^ BC _L AE (ABC) ^ 

( <U jLc 4 <Uaij 

(^k* a ) AC = AB oi Lcj 
l§-i.A~ ! aJ^laJl ^Lc- jJLJl ^jL^> cki 4 j*\j ^ JjUl i j^aJI ) EC = BE = 5cm .*. 



( iftLl 3*W£*i1 Li-aS ) 

( a JjtaJl 5 jjIjJI Lj j* j ) 

(J***) 


ED1BC •'• 

BC vr jjJl! 5 .UU. <C dea .*. 


60°= BC 

: E ^ ^JUJl A AEB ^ 

AE = %/l69 - 25 = Vl44 = 12cm 

D ^ ^JUJi A AED J 

ED 1 ED _ n A 

cos 60 = => — = => ED = 6cm 

AE 2 12 


BCD cJLi = — x 10x6 = 30cm * 2 

2 

^ ,s> . ^ 


: V L ^ j L_i I -Eas ELL I <L Luxus * ■ I E 

cos 60° X ABC AL^a = BCD EL 

= — x(12x10x— ) = 30cm 2 

2 2 


f> • -* • J 
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<Lw«wf3j ^J«l' ja««wa *iXp)Lll <ij j ^ ^alJ La-«-A ' L-.va»Ll LM jj >3 

0 U_J jJ?l Oli jlfca ^Jl diaij J jJaJl ^3 OliAa^a ij^AjLa lil 4jl jJSjJ *4 

• J~a Ajjlj j-» jj Utf>' <tL»a djjlj 
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. i£ dAJi JA-& 4a3 y> J^a ^ j^i jp-\ jj^iw^a ^\j 
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4-aU jJjlC 


y x 2 +4 


1+i x+2i 


. x, y g R ‘Lo-i . 1 


1-V3 


. Jl l£$ *UA \p- LS" Z — , 

1 + V=^j 


i)\S\b\ .2 


OjJj jjC g :<» J5" . Siaiij 4jj_pt« dJaij Jjlj dJaij ijS' y jAi\j ^Jai . 3 

. jl?l3 ^jasLJI ^IgflU dJilsw 9x 2 +25 y 2 = 225 cjIS" lili 


. jAitJl Ja~?t ^ (o 

. U-g-^a jXJ iSj£ jll i 


• ll <+ all j+:a j»l..,a ( » 

. y JJIjjl ^kiJl <iJibca (_?- 


7 7T ■ a ^-L^waj dJaij aj£" oL--~Jl 0L>4 JUj aUjjj c£4Jl ^jASLJI ^kiJl <Uil*,a . 4 

. aJ^-j IOtI 4 a J 4 ju y> bX?-j 


a) x y~ -2y = 5x + 3 
c) y = e x " In |2x| 
e) y = x 2 lnlxl 


g) y= 


_x . _-x 

e +e 

_— X 

e -e 


b) y = sin4x tan2x 
d) y = tan(cosx) 
f ) Y = ln(tan 2 x) 

h) y = cos(e 7tx ) 


dy 

J* U ^ dx ** ' 5 


. f (x) = X 4 — 2x 2 ,x G [— 2,2] 


&•** c=2cJis'b\i ? [-i,b] ay^'^ jA^aJb f(x) = ax 2 — 4x + 5 -7 

. a, b G R 2u_i J^rti (-1 ,b) a yiaJU 

dj jjLJl t dj^li J jJ? Jlial 4 j^Aj 4*li3jl j <L*J 2 L W~ ... a ^ jj2^) ^j| J^a . 8 

. 2.97cm J jb Jj£ j iajjs- 

. 10cm<LfrUjjlOlS'!il«UJ^li ^ 2107tcm 3 JLmv-Sti^jSb .9 


<L«j jjbJl iL*_JiJl 4J2— > _^dl <L*_JiJl *UAj~a J^- f (x) = yj 3 lx + 1 CJlS" lil . 10 

. f (1.01) 


. yx 2 — 1 2Jl jJJ ^LJl J^sLLJl ^ dAjU jLw . 1 1 


a) J (cos 4 x- sin 4 x)dx 

b) J (sin2x-l)(cos 2 2x + 2)dx 


: \J *j^S 0^1® l^j . 12 


In | 
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c) | _^0_ dx 


X 


dx 


d) J 2 sin yjx 

e) J cotx esc 3 xdx 


f)J a/3x 3 -5x 5 dx 
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x 2 -14x + 49 


dx 


h) J sec 2 3x e tan3x dx 



cos 2 y 
x 



AJUslaJl iJiUil J^- . 13 


. y — — laiX^ x = 0 oi c—?- 
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dy 

dx 


2xtany aJUUJi abuil . 14 


. X = 1 , y = 1 01 c-—?- x y' = y-x 4al*AI J-^- • 15 


. (x 2 +3y 2 )dx-2xy dy = 0 aj^i a^udi abuil J*» .16 


